Discussion Paper

Central Bureau of Statistics

no. 83 February, 1993

Theoretical and Econometric
Modeling of Disequilibrium.

by

Leif Andreassen

Research Department
Division for Public Economics

Abstract

This paper surveys some recent work in the theoretical and econometric
disequilibrium literature. The first part of the paper gives an overview of some
the main concepts used in the theory of non-Walrasian economics. These con-
cepts give the theoretical background for a discussion of recent deveiopments
in the econometric disequilibrium literature. Particular emphasis is given to
two recent developments. One is the virtual price approach of Lee (1986) and
the other is the stobcha.stic aggregation (smoothing by aggregation) approach

.used in Lambert (1988).
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1 Introduction

In the following I will look at recent developments in both theoretical and econo-
metric modeling of disequilibrium. Theoretical work on disequilibrium has been
done both within macroeconomics and microeconomics. In a macroeconomic anal-
ysis Barro and Grossman (1971) explicitly analyzed how the macroeconomy was
affected by non-clearing markets by combining the analysis of the firm under dise-
quilibrium in Patinkin (1956) with the analysis of the household under disequilib-
rium in Clower (1965). They thereby developed what has become the prototype
neo-Keynesian model, where there are three macro commodities (a consumption
good, labor, and money) and three agents (a consumer, a producer, and govern-
ment). Malinvaud (1977) introduced the now familiar concepts of Keynesian and
classical unemployment. These models were attempts at obtaining Keynesian results
in models where economic agents are rational maximizing decision-makers.

Parallel to the above macroeconomic developments, the general equilibrium frame-
work associated with Arrow and Debreu was generalized to the case where there is
no Walrasian auctioneer to clear the markets. Most of these attempts were based
on Hick’s (1946) notion of temporary equilibrium. In temporary equilibrium market
behavior is thought of as a process taking place sequentially in time with economic
agents continually learning about their economic environment. See for example the
collection of papers in Grandmont (1988). At each date trade takes place, but the
agents’ plans for the future are not coordinated and there may be quantity rationing.
Such a framework allows for price movements between dates (often thought of as a
very short time period) and therefore allows the explicit modeling of price processes.
Both the Walrasian market-clearing situation, where prices continually clear mar-
kets, and the three commodity neo-Keynesian model are special cases of temporary
equilibrium models.

The temporary equilibrium literature has so far been mainly concerned with

the existence of temporary equilibrium and the role of expectations in equilibrium.



There has been done relatively little work on the dynamic adjustment process of
prices and expectations. Even so, the conceptual framework on which temporary
equilibrium models are based makes it clear that such processes are very important.
To get a satisfactory picture of the workings of an economy, we must understand how
agents form expectations about prices and quantities, how they signal their wishes
to the market, and how the market responds to these signals by setting prices and
assigning quantities to each agent. |

Fized-price models will in the following denote models where prices are assumed
fixed without any explicit modeling of price processes. During the last couple of
decades a number of different theories such as efficiency wages and menu costs have
been advanced trying to explain the rigid prices and wages of fixed-price models,
but these theories have had a tendency to be good stories instead of a compelling
general theory. Still, it is the fixed-price model which has been investigated most
thoroughly and has been used almost exclusively as a basis for econometric models.
Some of the most promising work on explaining disequilibrium is the monopoly
models of, among others, Benassy (1976, 1987) whiéh we will briefly discuss later in
the paper. Present work on dynamics and wage and price formation will hopefully
lead to models with an explicit modeling of price dynamics.

The two main equilibrium concepts which have emerged from the literature are
Dréze equilibria due to Dréze (1975) and K-equilibria due to Benassy (1975,1982).
They are characterized by utilizing different specifications of the agents’ effective
demands. Effective demands are the demands that arise after the agents have taken
rationing into account. Dréze (1975) uses Dréze demands which are the result of
utility maximization subject to the budget constraint and all quantity constraints
that exist. Benassy (1975,1982) uses Clower demands which are the result of utility
maximization subject to the budget constraint and all quantity constraints except
the quantity constraint of the good one is calculating the demand for. Both these
concepts have their weaknesses. With Dréze demands there is no difference between

effective demand and actual trades and therefore the agents’ demands do not signal



to the markets whether they are rationed or not. Clower demands are the result of
a utility maximization which does not take into account all the quantity constraints
simultaneously and therefore do not necessarily satisfy the budget constraint.

The first section of this paper consists of a short exposition of the standard two-
market neo-Keynesian model based on quantity rationing. This model serves as an
introduction to some of the concepts used in disequilibrium models and has inspired
much of the research within non-Walrasian economics. It is still the framework
within which most multi-market models are set.

After introducing the standard neo-Keynesian model there follows a presenta-
tion of some of the concepts used in the temporary equilibrium literature, including
a more thorough discussion of the concepts mentioned above. The emphasis is on
explaining the different concepts and not on mathematical rigor. Existence results
are not covered. I will use the terms disequilibrium economics and non- Walrasian
economics interchangeably as general terms covering the whole field of inquiry, while
temporary equilibrium will be used to denote non-Walrasian models where the econ-
omy is looked upon as a sequence of markets in the sense.of Hicks (1946).

The development of theoretical disequilibrium models has led to a large literature
on the estimation of such models, starting with the seminal article of Fair and Jaffee
(1972), which examined a single market undér fixed prices (the market for housing
starts). Later on, estimation methods for two-market models, such as the prototype
neo-Keynesian model, were developed by among others Ito (1980). Ito’s approach is
based on Cobb-Douglas utility functions and Clower demands. An extensive survey
of this earlier literature on disequilibrium econometric modeling and of the many
problems encountered is given by Quandt (1982). In the present paper I will briefly
discuss some of the work done on estimating single-market disequilibrium models
and Ito’s specification of multi-market models. The methods used in estimating
such a single-market disequilibrium model provide a good illustration of the latent
variable problems involved. Such problems arise because transacted quantities under

rationing carry a limited amount of information about the structure of demand and



‘supply in the market.

The last part of the paper discusses two recent developments in the econometric
literature of disequilibrium. The first is the virtual price approach advocated by Lee
(1986). Virtual prices (shadow prices) are often used in dealing with a situation
with rationing. They are the prices that would induce an unrationed consumer to
purchase the rations exactly (see Deaton and Muellbauer (1980) pp. 109-114). By
using virtual prices, Lee (1986) shows that in fixed-price models the assumption
that only one side of a market can be rationed at one time (often referred to as the
min condition) implies that different specifications of effective demand will lead to
observationally equivalent expressions. Effective demand is the demand expressed
by an agent after taking into account the constraint he faces. Lee also derives
a method for estimating multi-market disequilibrium models in the special case of
two representative agents. By using the notion of virtual prices, he overcomes earlier
difficulties in finding a computationally tractable method for estimating models with
more than two markets.

The second is the smoothing by aggregation approach first suggested by Muell-
bauer (1978) and used in among others Lambert (1988). Many other recent papers
estimating empirical disequilibrium models use this approach, which takes as a start-
ing point the specification of supply and demand in micro markets. These micro
markets are taken to be small efficient markets where it seems reasonable to postu-
late that only one side of the market is rationed. These papers then assume that
supply and demand in these markets can be modeled as consisting of a structural and
a stochastic component. Assuming that the stochastic components are distributed
in the same manner in all markets, aggregation to the macro level is achieved by in-
tegrating over micro markets. At any one time some micro markets will be in excess
demand while others will be in excess supply, so that at the macro level both sides of
the market may be partially rationed at the same time. In the neo- Keynesian macro
model this means that there can be Keynesian unemployment in some sectors while

there is classical unemployment in others. The smoothing by aggregation approach



has been used in fairly large and complex macroeconomic models such as the model

presented by Lambert (1988).



2 The basic Keynesian disequilibrium model

The idea of disequilibrium modeling is in most economists’ minds associated with
the neo-Keynesian models of Barro and Grossman (1971) and of Malinvaud (1977).
These models are based on utility and profit maximization within a general equi-
librium framework and can be seen as a justification for and an embellishment on
earlier Keynesian models. What separates these models from neoclassical models is
that they assume that prices do not necessarily clear the markets. When markets
fail to clear, agents will find themselves rationed in the sense that they cannot buy or
sell as much as desired at the prevailing non-clearing prices. The different markets
are interdependent, and therefore rationing in one market will spill over to other
markets. _

While this disequilibrium approach at first was concerned with giving a more sat-
isfying microeconomic foundation to Keynesian economics, it was closely connected
with work being pursued in mathematical economics on non-Walrasian equilibrium.
Even though it is the Keynesian aspects of the theory which have remained up-
permost in many economists’ ininds, I believe the most important part has been
the attempt to generalize and make more realistic the general equilibrium frame-
work of Arrow-Debreu. A very important aspect of this work is the realization that
such attempts also are attempts at macroeconomic modeling. Dréze argues in his

presidential address to the European Economic Association (Dréze (1987)) that:

... general equilibrium with rationing covers macroeconomics automati-

cally, sparing us the need to develop two separate fields.

Dréze sees this approach as a long overdue integration of general equilibrium theory
and macroeconomics. The development of this theory has come a long way during
the last twenty years, even though there are important areas which are not well
enough developed, especially an understanding of price dynamics. Before discussing
the concepts used in generalizing the Arrow-Debreu model, we will give a brief

description of the neo-Keynesian model as developed by Barro and Grossman (1971)
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and Malinvaud (1977).

We start by considering the traditional utility maximization problem of a single
consumer who buys a good, X, sells his labor, L, and holds money, M. The price
of the good i p, the wage is w, and the consumer’s initial endowment is R. Money

held initially is included in R. The maximization problem can be written:

max U(X,L,M)
X,LM

st. pX—-wlL+M=R. " (1)

As we will see later, a utility function including money can be viewed as an indirect
utility function incorporating the intertemporal aspects of the consumer’s behavior.
Solving this maximization problem we get demand and supply functions f;, f2, and

fs for the good X, labor L, and money M:

X = fl(P’w’ R)
L = fip,w,R) : (2)
M = f3(p) w, R)

These functions are the consumer’s notional demand and supply functions.
We now assume that the consumer is rationed in the labor market, and can only
supply L of labor. For the constraint to be binding we must have that L < L. The

consumer’s maximization problem when the constraint is binding now becomes:
max U(X, M)
XM

st. pX+M=R+wlL (3)

leading to the following demand functions:

X® = gl(P’R+wE)7 (4)
M® = gi(p,R+wl).
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The demand function g, gives the consumer’s effective demand for the good and g,
gives the effective demand for money. These effective demand functions take into
account the constraints faced by the consumer. A more thorough discussion of the
concepts of notional and effective demand will be given later.

One should note that the notional or unrationed demand and supply functions
in equation (2) depend only upon the initial endowment R, and the prices w and p.
In contrast the effective or rationed demand functions in equation (4) also depend
upon the quantity rationing in the labor market. Quantity constraints therefore add

considerable complexity to the interactions between markets.

output (X)
D
X
D
=L "employment (L)

Figure 1. The Consumer’s Demand

As long as we are not dealing with inferior goods we have that 8X¢/8L > 0
when L < L. In other words, the lower the ration faced by the consumer in the
labor market, the less he will wish to buy of good X. In figure 1 this relationship
is given by the line DD (for convenience sake we draw the line straight). The line
stops at the point where I = L, because to the right of this point the constraint is
not effective. Even when employment is zero, the consumer can buy some output by
drawing down his reserves of money. By analogy we assume that the relationship in
figure 1 also applies at the macro level with L being a constraint on aggregate labor

supply. The DD line then denotes how aggregate demand in the economy drops as
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_rationing in the labor market becomes more pervasive.

We now introduce the aggregate production function X (L) for the economy. It
is an increasing function of aggregate labor, L, and exhibits decreasing returns to
scale. If we add the production function and a line, ww, denoting the exogenously

fixed relative wage w/p to figure 1 we get figure 2.

output (X)

Xx(L)

3 employment (L)

Figure 2. Equilibrium

Figure 2 illustrates a situation with equilibrium in both the labor and the goods
market. Output‘ X and employment I are the result of profit maximization, implying
that the marginal product is equal to the relative wage. In figure 2 this is the point
where the ww line is tangent to the production function X(L). These quantities
are also at the point on the DD curve where the consumers’ notional demands are
satisfied. One should note that a change in wages and prices will change the location
of the DD curve.

In neo-classical models the relative wage (the ww line) will always adjust so
that we get an equilibrium such as that in figur 2. Neo-Keynesian models assume
that this does not necessarily happen. With an exogenously fixed wage rate and
price level we can get four different types of fixed price equilibria, which Malinvaud
(1977) denoted as Classical Unemployment, Keynesian Unemployment, Repressed

Inflation, and Underconsumption.
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Xc

Lc L=L employment (L)

Figure 3. Classical Unemployment

We now assume that wages and prices are such that the markets do not neces-
sarily clear. Consider a production function X*(L) lying under the earlier function
X (L) such as that drawn in figure 3. Now the relative wage given by the line ww
no longer clears the market. Profit maximization leads to an output of only X¢ and
an employment of only L¢, while utility maximization still leads the consumers to
wish to buy X and sell L. To resolve this inconsistency, we assume that the short
side of each market decides the quantity to be sold. This means that the quantity
of goods Qx and of labor Q actually transacted are given by:

Qx = min(Xc,X) ()
Qr = min(Lc, 1)

These conditions are often referred to as the min condition and imply that all
transactions are voluntary. If the firms are willing to trade less than the consumers
in both markets then the min condition implies that their notional supply X¢ and
demand Lc are satisfied. The consumers will be rationed in both markets and

unemployment will be L—Lc. This equilibrium is referred to as thé case of Classical

unemployment. In this situation Keynesian demand management will have no effect
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on unemployment, because a shift in the DD curve will not induce the firms to
produce more. A decrease in unemployment can only come about by lowering the

relative wage.

output (X)

x*(L)

Lx L= 2 employment (L)

Figure 4. Keynesian Unemployment

We get another type of equilibrium if we assume that the consumers’ demand
curve lies much lower than the DD line we have looked at until now. In figure 4 we
assume that the wage rafe and price level induce the demand curve D*D*. Knowing
that we must lie on the production function and using the min condition, we see that
the transacted quantities of goods and labor become Xy and Lk. In this situation
there is excess supply in both the goods and the labor markets. At the going price
and wage the firms wish to supply more goods than Xg. If they try to produce more
than this and thereby increase employment, they will be unable to sell all of the extra
output because the rise in consumers’ demand along the D*D* curve is less than the
rise in production along the production function X*(L). The equilibrium given by
(XK, Lk) is referred to as the case of Keynesian unemployment. In this situation
Keynesian demand management can be effective. By increasing demand (shifting the
D*D* curve), the government can increase production and reduce unemployment.

Classical and Keynesian unemployment are the most frequently occurring cases

in most economies. The two other cases that theoretically can occur are Repressed
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inflation and Underconsumption. When households are rationed in the goods market
and firms are rationed in the labor market we have Repressed inflation. A rise in
either the wage rate or the price level (or both) will reduce excess demands. When
the wage rate is so low that the firms cannot sell all they wish to produce and at the
same time wish to employ more labor than they can get, we have Underconsumption.
This last type of equilibrium is considered very rare.

We see that in a neo-Keynesian model employment is not uniquely associated
with the real wage. The effective demand for labor can vary even with the real
wage fixed. A criticism of the model is that it seems unrealistic to assume that the
whole economy will either experience-Cla.ssica.l unemployment or Keynesian unem-
ployment. It seems more realistic to assume that at any time some sectors of the
economy will be constrained by lack of general demand while others will be con-
strained by unfavorable prices and wages. Aggregating across these sectors will give
a macro picture somewhere between the extremes of Classical and Keynesian unem-
ployment. An empirical approach to this problem is the “smoothing by aggregation
approach” of Lambert (1988), which we will discuss later.

The model sketched above is a first tentatiVé step to building macroeconomics
on the foundation of microeconomics, but is fairly rudimentary and has a number
of shortcomings. A more detailed approach, such as the work done on temporary
equilibrium in mathematical economics, is needed to make the model more realistic.
It is necessary to develop a better understanding of the role of time, space, and
information in the workings of an economy. In the next section we will discuss some

concepts which may help to clarify what type of problems we are dealing with.
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3 Temporary equilibrium

Walrasian general equilibrium theory is a theory of the equilibrium resource allo-
cation of a market economy where equilibrium is achieved solely through the price
mechanism. There is no use of quantity signals and no agent actually sets prices.
The determination of prices is left to an implicit Walrasian auctioneer. While this -
framework is only concerned with allocations at equilibrium prices, it has proved a
valuable reference point in economic theory, especially when discussing issues con-
cerning efficiency.

The assumptions behind Walrasian general equilibrium theory are fairly extreme.
It is theoretically unsatisfactory that there is no description of price determination,
and the theory is unable to explain the observed fact that some adjustments take
place, at least for a period of time, by means of quantitative rationing.

Non-Walrasian theory attempts to build a theory of markets where market clear-
ing is not assumed. The main goal of this theory is to generalize and extend the
Walrasian framework. It aims to explain how allocations are determined at given
prices (fixed-price equilibria) and how these allocations adjust over time. In a situ-
ation where rationing may appear, both quantity signals and price signals become
important. Most of the research which has been done recently has concentrated
on determining allocations at given prices and less on incorporating price dynam-
ics. During the last decade the most used non-Walrasian framework has been the
temporary equilibrium approach. An early work on non-clearing markets and price
dynamics is Frisch (1949), where he considers how price changes influence quantities
when markets are out of equilibrium. The now much used min condition (which says
that transacted quantity is the minimum of supply and demand) is employed in the
analysis.

In the following I will discuss some general concepts from the temporary equi-
librium literature before we proceed to discuss the econometric literature. The

following discussion is in large part based on the surveys by Grandmont (1982) and
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Benassy (1990) and on the monograph by Bohm (1989).

3.1 A basic framework

At the basis of the temporary equilibrium approach is the idea, originating with
Hicks (1946), that in modeling an economy one can “treat a process of change as
consisting of a series of temporary equilibria”. At each point in time agents make
forecasts of the economy based on current information and they trade among them-
selves. One way of viewing the series of markets that arise in this pfocess is as a
succession of competitive equilibria. Viewing the prdcess as such a temporary com-
petitive equilibria assumes that in each period the agents trades are made compatible
by price adjustments. In contrast to the Walrasian situation, the agents plans for
the future are not coordinated and may well be incompatible.

Another way of viewing the process is as a succession of markets where prices do
not move fast enough to match supply and demand. In such a temporary equilibrium
with quantily rationing it is important to model how the quantitative constraints en-
countered by the agents are perceived. In the following we will mainly be concerned
with the more general case of temporary equilibrium with quantity rationing, but
the general concepts we discuss below, will apply in both cases.

We shall attempt, within the temporary equilibrium framework, to give a gen-
eral formulation of the decision-making process of a single agent. The focus will
be on discussing the concepts involved rather than on mathematical rigor. A more
mathematical rigorous discussion is given in Grandmont (1982) and Bohm (1989).
Our discussion will assume that the agent’s decision-making only takes into account.
two discrete periods of time, but the analysis is valid for an arbitrary number (fi-
nite or infinite) of discrete periods. In the first period, period 1, the agent receives
information, often called a signal, about the economy and his own situation, which
we denote s;. This information, together with earlier information aﬁd his expecta-

tions about the future, is what he bases his decision-making on. The information
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the agent has received in previous periods will not be explicitly mentioned in the
following, as it is fixed in the analysis. In Walrasian general equilibrium theory
the signals received by the agents are the equilibrium prices, set by the mythical
Walrasian auctioneer. The agent will also receive a signal, s;, in the next period. In
the present period he assigns a probability to each possible signal he might receive.
This amounts to a forecast of his future environment.

Given a signal in period 1, the agent will undertake trading, or more generally
actions, a,, in period 1. His actions depend upon and may be constrained by the
information he has received. If the agent for example receives information that he is
rationed in a ﬁarket, he will not attempt to trade more than the perceived quantity
constraint. The agent also makes plans, a,, for the next period which consists in
deciding for each possible signal s; what action he will take. These plans will depend
on the signals s; and s;, and the action a; he chooses in period 1.

What matters to the agent is, of course, the consequences of his choices. The
consequences will in general depend upon his environment and thereby upon the
signals he has received and on the actions he has taken. In general the consequences
will not be known with certainty. These factors are taken into account by modelling
the consequences in each period as a function of actions, signals, and two stochastic
variables w; and w;. The stochastic variables are included to take into account that
the agent might be uncertain about what the consequences of his actions are. In
the following we denote the consequences in period 1 as y;(ay, 81, w;) which depend
upon the situation in period 1 (as described by the signal s;), the action a; taken

in period 1, and the random term w;. We denote the consequences in period 2 as

72(0'17 az, '71(a'lv sl’wl)’ 327w2)1

which depend upon the actions taken in period 1 and period 2, the consequences
experienced in period 1, the situation in period 2 and the random term w,.
The concepts of signals, actions, plans, and consequences are the basic concepts

of temporary equilibrium theory as for example presented in Grandmont (1982). We
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now assume that the agent has a von Neumann-Morgenstern utility function,

u (‘h(al, 81,011), 72(01, az,‘h(al, 81,“’1), sz,wz)) . (6)

Expected utility U(a;,a2 | 1) for a given signal s, can now be written as

U(al,az l 81) =

/// u(m(a1, 81,w1), 72(a1,a2,7(a1, 81,w1), 82,w2)) (7
. ‘I’(sz | 81) . T(w1,L|J2)d32 d(LI2 dwl,

where ¥(s; | s,) is the subjective probability density of receiving signal s, given
that the agent has received signal s;, and Y(wj,w) is the joint probability density
of the stochastic varia.bles.wl and w,.

The agent observes s; and then maximizes his expected utility subject to the
constraints a; € B;(s;) and a; € B,(a,, 81, 82), where B; is a subset of the set of all
possible actions in period 1 and B; is a subset of the set of all possible actions in

period 2. This maximization problem can be written:

max U(ay,az | 81) st a; € By(s1), (8)

a1,a2

as € Bz(al, 38, 32).

It is important to note that the above maximization problem involves a sep-
arate constraint for each period, in contrast to problems which only involve con-
straints across the whole optimization period. Under certain regularity conditions
(see Grandmont (1982)), it is poésible to employ a standard dynamic programming
formulation. This procedure entails first maximizing the von Neumann-Morgenstern
utility function u with respect to a; to give us an indirect utility function. We then
maximize the expected utility of this indirect utility function with respect to a,,
which is a maximization problem involving only contemporary variables. As we
shall see later this procedure also allows leads to the introduction of money into the

utility function.
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In deriving the indirect utility function we ask, for a given combination of signals
81, actions a,, and the stochastic variable w;, what plan would be chosen if the agent
knew for sure the signal s; and the w; which will be realized in the next period. The

maximum utility acquired in this situation is denoted as:

u*(a1,71(a1, 81,w1), 81, 82, w2) (9)

being the solution to the problem

max u (m(a1, 81,w1), 72(a1,a2,m(a1,81,w1), 82,w2)) (10)

s.t. a; € Bz(al, 31, 35)-

The indirect utility function u*(a;,v1(a1, 81,w1), 81, 82, w2) says how maximum utility
varies with the signal received and the action taken in the first period, the signal
received in the second period, and the w’s. The expected indirect utility V(a, | s,)

is then derived by integrating out the second period signal and the random terms:

V(al I 31) =

///u*(71(a1,sl,wl),al,sl,sz,wz) - U(sz | 81) - Y(wz,w1)dsz dwy dw,. (11)

We have thereby reduced the problem of maximizing expécted utility over two pe-
riods in equation (8) to maximizing an expected utility function involving only the

contemporary variables a,, and s;:
n}‘z:.x V(a1 | 81) s.t. a; € Bl(sl). (12)

This technique of reducing a complex problem involving several periods to a single-
period decision problem has interesting economic implications. It allows the in-
troduction of financial assets such as money into the utility function even though
they may have no intrinsic value. Current signals also enter the utility function be-
cause they are instrumental in forming the agent’s expectations of the future. These

aspects will be discussed more closely in the following.
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3.2 A monetary economy

In a monetary economy money has three roles, as a unit of account, as a store of
value, and as a medium of exchange. The role of a medium of exchange is especially
important when considering economies in disequilibrium. In disequilibrium trans-
action and coordination costs become important and can to s§me extent be most
efficiently met by the use of a costless recording device such as money.

One of the characteristics of the Walrasian framework is that it cannot account
for fiat money. The general equilibrium framework including time-dated and event-
contingent commodities developed by Arrow and Debreu assumes that all contingent
futures markets exist. At a single date all transactions take place, both of current
goods and contracts for future delivery of goods. There is no need for trading at
later dates, because all desirable trades have already been arranged. The agents in
this model are only constrained by their life-time budgets. In this setting money h#s
no function because all intertemporal allocations are performed through the futures
markets. _

In the temporary equilibria approach there is a need for a commodity which can
transfer purchasing power from one period to another. Futures markets are generally
inactive and markets reopen over time. Agents face a sequence of budget constraints
that must be fulfilled at each trading date. Money, in such a situation, is an efficient
means of transferring purchasing power over time (by saving or borrowing). While
other durable goods could perform such a task, they would generally incur real
resource costs not associated with money.

The sequential nature of trades associated with temporary equilibria makes
greater demands on information than the Arrow-Debreu model. In a spatial econ-
omy where exchange can take place at a number of locations the need for information
and coordination is even greater. In a barter economy where m goods are exchanged,
there would be m(m — 1)/2 markets, one for each pair of goods. Without a medium

of exchange it is very difficult to coordinate trades while ensuring that all agents

19



stay within their budget constraints. Introducing money reduces the number of
markets to m (there is no market for money) where each good is exchanged against
money. Money is also an efficient device to record one’s trading history, ensuring
that one keeps within the budget constraint. Ostroy and Starr (1990) surveys recent
developments in incorporating the transactions role of money into a general equi-
librium framework. Grandmont (1983) gives an excellent discussion of monetary
theory using the temporary equilibrium approach (without quantity rationing).

We assume that there are m goods in the economy. At the beginning of a period
an agent holds a quantity of money M and a vector of non-monetary goods X where
all components are positive or zero. The agent trades during the period at the price
vector p. His net purchase of goods is denoted by the vector X. The agent’s final
holdings of a vector of goods, Z, and of money, M, will then be:

Z = X+X, (13)
M = M-pX

where the last equation is the budget constraint.

We now set the agents decision-making problem into the framework developed
earlier. All subscripts in the following refer to the two periods we have been dis-
cussing. The actions taken by an agent are in this case the net demands he makes.
We distinguish between net demands, which are signals to the market reflecting the
agent’s wishes, and the actual net transactions that take place. These net trans-
actions, @, and @, are defined as the difference between the purchases and sales
of each agent. The net transactions will be negative if the agent is a net seller of
a good. The only consequences which we assume are important to the agent is his
holdings of goods in the two periods. These holdings follow directly from the net
transactions which take place. This means that we in this special case can set the

consequence functions equal to the holdings of goods:
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71(X1,81,W1) = X1+Q11 (14)
72(X1’X2’71(X1’31aw1)’32’w2) = X2+Q2,

when the only actions the agent undertakes are his net demands X; and X,.

We also need to specify more closely the signals the agent receives. In doing this
we concentrate exclusively on market signals. We view a market as a mechanism
for transforming the different agents’ intentions (which may be in conflict with each
other) into feasible outcomes. A market will in general consist of two elements, The
first consists of the agents signaling their desires to the market and the second is
some form of market-making process which translates these signals into transactions
between the agents. Such a market-making process can take many forms, and it is
possible that a number of agents may be rationed.

We assume that there are n agents in the economy. The vector of actions, a;,
which the agent undertakes in period 1 includes signals to the market (for example
bids). The'signa.ls received, s; and s,, include informa.tion about the situation in the
market. If the market consists of a Walrasian auctioneer, then this information will
simply be the market-clearing prices. The market signals s are generally functions

of the actions of all agents:

811 = -Fu(au,au,---,aln), (15)

82y = in(azl, a2, ..., a2n)

where the first subscript denotes period and the second indexes agents. The actions
undertaken by the agent in the market reflect his wishes, while the signal he receives
is information about the state of the market. He may for example undertake the
action of registering himself at the unemployment office, while at the same time ob-
serving the unemployment rate. The decision to register will in geﬁera.l depend upon

the unemployment rate he observes. The actions taken in the market can be many,
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but to be consistent with our earlier assumptions, we assume that the only condi-
tions which influence F' are the agents net demands sy; = Fii(X11,X12,- .-, X1n),
and sy; = F3i(Xi11,X12,...,X1n). The signal generated by F from the agents’ net
demands can be prices, rations, etc.

We now introduce the concept of a rationing mechanism, v, as in B6hm (1989).
Such a concept was originally developed by Benassy (1975) and expresses the net
transactions @;; and Q; as functions of the agent’s actions and the signals he
receives. The net transactions of all the agents must be consistent with each other.
The rationing mechanism v is a way of specifying the consequence functions v we
discussed earlier. In our case thereis a very simple relationship between the rationing

mechanism in period 1 for a single agent ¢ and the consequence function ~y;:

Vn'(Xn', Fli(Xn, <oy Xln), w1) = Xn - 71:‘(X1i, Fu(xu, ceey X1n), w1)
= Qu (16)

where v is such that the transactions in period 1, Q13,..., @1, are consistent across

agents:

Z vi( X, F1i( X1, ..., Xin),w1) = 0 for all possible X13,..., X1, (17)

i=1
The rationing mechanism in period 2 can be written in the same manner as the
rationing mechanism for period 1. A rationing mechanism of the above type is
called stochastic because it includes the random variable w;. It takes into account
that the agents may not know for certain what the consequences.(which rations
they receive) of their actions will be. By excluding the random variable w; we get
a deterministic rationing mechanism, where there is no uncertainty regarding the

rations:

3 vii(Xui, Fii(Xa1, -+, Xin)) = 0 for all possible Xu1,..., Xin.  (18)

=1
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Examples of rationing mechanisms are uniform rationing where all agents face
the same rations and proportional rationing where the rations are proportional to
the expressed demands and supplies. The last type of rationing will be vulnerable to
strategic behavior on the part of the agents. They may signal greater demands than
they really wish, so as to secure larger rations. In general the rationing mechanisms
may lead to complicated interdependencies betweeﬁ the different markets. Rationing
mechanisms describe how the market making mechanism affects each individual and
therefore are influenced by searching, matching, and information gathering in the
markets. |

In the preceding we have narrowed an agent i’s actions down to only including his
net demands, X;; and Xj,;, and assumed that the only consequences he cares about
are the net transactions Q;; and Q,; (more precisely his net holding of goods). In
addition to this, we have assumed that the agent’s net transactions in period 1 are
determined by a rationing function »;. We now go back to considering a single
agent and resume letting the subscripts only denote time period. We now use the
dynamic programming technique discussed earlier. We assume that we have the

following von Neumann-Morgenstern utility function,

u (Xu - ‘Yn‘(Xh', Fli)) ‘72(X1,X2, Xu - ‘71:'(X1i, Fli), 82, wz)) . (19)

Expected utility U(X;, X, | s1) for a given signal s; can now be written as

U(Xl,Xz | 81) =

/// u (Xu — (X1, Fri), 72(X1, X2, X112 — mi(Xui, Fri), 32,‘02)) (20)
. ‘I’(Sz | 81) . T(wl,wz) d82 dwz dwl,

where ¥(s; | 5;) and Y(w;,w.) are defined as in equation (7). The standard maxi-

mization problem is:
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}Ill'aﬁ U(Xl,Xz | 81)

(21)
s.t. p1X1 + M1 S M,
Pz(sz) - X2 < M,.

The agent faces separate budget constraints each period, and the signal received
in period 2 implies a price p(s;). In the above formulation money is a means of
transferring purchasing power from period 1 to period 2.

As before the indirect utility function is the maximum value function we get

from ma.xiﬁu'zing u with respect to X;:

II?;X u (Xu - ‘Yn‘(Xli, Fli), ’72(X1, Xz,Xu - ‘Yn‘(Xli, Fl.‘), 32,0-’2))
(22)
s.t. p(sz) . Xz S Ml_.

The budget constraint for period 2 says that the agent’s net purchases in this period
may not exceed the amount of money he holds at the beginning of the period. The

resulting indirect uttility function can be written:

u‘(Vl(le‘gl,wl))M17X731)32yw2)- (23)

The indirect utility function u* contains two arguments which the agent has control
over in period 1, X; and M;. The optimal level of M; will reflect the agent’s
intertemporal evaluation of consumption today and consumption tomorrow. The
indirect utility function u* thereby incorporates intertemporal considerations even
though it only depends on contemporary variables, the second period signal s,, and
the second period random term w,. The expected indirect utility V(X;, My | s1) is

now derived by integrating out s; and w;:
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V(X1, M | 8) =

///u*(m(xh 81,W1),M1,X,31,32,w2) (24)
W(sz | 81) - T(wa,wr)dsz dw; dw;. (25)

The problem of maximizing expected utility over two periods in equation (21) is now
reduced to maximizing an expected utility function involving only the contemporary

variables X;, M, and s;:
max V(Xl,Ml ' 81) s.t. p1X1 + M1 S M (26)
xl)Ml
where:
81 = Fl(Xll,XIZa cee vXIn)y

and where we assume tha.t,thg feasible net demands are such that with probability
1 the agent cannot go bankrupt. This last assumption is important when proving
the existence of non-Walrasian equilibria (which will not be covered in the present
article), because it ensures that no discbntinuities can occur. A simple proof of a
proposition similar to our assertion that problem (21) and problem (26) lead to the
same result is given in Grandmont (1983).

The above gives us a justification for only considering one period in an intertem-
poral model. Expectations of future prices and quantities enter the indirect utility
function v through the current signa.l 8; and it’s influence on the agent’s forecast of
the future. Money also enters the indirect utility function even though money has no
intrinsic value. It’s importance is as a means of transferring purchasing power over
time. Feenstra (1986) discusses in more detail the functional equivalence between
using real balances as an argument of the utility function and entering money into
the budget constraint. He looks at a broad class of utility functions and a broad
class of transactions cost models. |

Solving the above maximization problem with either the stochastic or determin-

istic rationing functions gives us what are often referred to as the agents effective
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net demands. We denote the vector of such demands from agent 7 as X7. It follows
from (26) that these effective net demands will be functions of the signal received
in period 1 by agent 1,

X; = G(s). - (27)

The effective demands can be viewed as the demands the agent signals to the market
after taking into account the information he has about rationing through the signal-
ing function F' and how the rationing affects him through the rationing mechanism
v. Assuming that all agents derive effective demands of the above type we can write

the effective demands as:

X = G(F(X3,... » X0))s (28)

where agent i’s effective demands are written as a function of the effective demands

of all the agents in the economy. The rationing mechanism can be written as:
vi = (XS, Fi(Xs,...,X5),w). (29)

Solving the utility maximization problem in equation (26) without taking the ra-
tioning constraints into account gives us the agent’s notional net demands, which we
as before denote X. If in fact the agent is not rationed, the effective and notional
demands will coincide, otherwise they will in general differ.

We have now reduced an intertemporal model to a single period, where money
serves as a means of transferring purchasing power from one period to another. In
this transformed model there is an unspecified market mechanism which is such that
each agent sends a bid (their effective demands) to the market and as a consequence
can undertake transactions given by a rationing mechanism. It is important to
remember that price and quantity expectations are incorporated into the indirect

utility function.
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3.3 Walrasian equilibrium

We will now characterize a Walrasian equilibrium within the framework of the mon-
etary economy discussed above. A Walrasian equilibrium requires all markets to
clear within one period. There is no rationing so that effective and notional demand
are equal and there is no rationing mechanism. In the following we let the first
subscript denote period and the second index the n agents in the economy. The

utility maximization problem for agent ¢ can in this case be written:

max vi( X + Xui, Xai) (30)

s.t. ;iXui + p2Xoi = M;

which yields the notional net demand vectors Xli(pl, pg; M) and Xz;(pl, p2, M). A
Walrasian equilibrium is given by the price vectors p; and p; which ensure that all

markets clear, i.e.

Shai) =0 (31)

“and

" ,
> Xoi(p;) = O
i=1
The only signal that the agents need, for the economy to achieve equilibrium, is
the price vectors p] and p;. Since a Walrasian equilibrium assumes that all trades
take instantaneously place at one period of time, money does not have the role we
gave it in our earlier intertemporal discussions. The main difference between the
above problem and the intertemporal problem we looked at in the preceding section
is that here there is only one intertemporal budget constraint while in the preceding
section there was a separate budget constraint for each period. This underlines the
well-known fact that in a Walrasian equilibrium the optimal holdings of fiat money
will be zero. The vector of agent i’s transacted quantities, Q;, will in a Walrasian

equilibrium be equal to both notional demand X;(p*) and effective demand X°.
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3.4 Voluntary trading and no short side rationing

Now we go back to the framework of temporary equilibrium. In keeping with our
earlier argument for reducing a multiperiod maximization problem to a single period
problem we deal in the following with only one period, keeping in mind that each
period is only a link in a long chain of markets. Even though we restrict ourselvés
to looking at a single period, it must be stressed that the following discussion is
embedded in an intertemporal structure which is absent from the Walrasian equi-
librium setting. When the economy is in disequilibrium the realized -price vector,
p, will be different from the Walrasian price vector p*. In this situation the agents
observe more than just the price vector. They perceive that they cannot realize all
their notional demands and supplies and take this into account. In the terminology
we introduced earlier the signal function F' gives them information about the ra-
tioning and induces them to change their actions. The effective net demands X* are
expressions of their wishes to the market after taking rationing into account (and
other relevant signals). The transacted quantities @ need be equal neither to the
notional nor the effective demands and supplies.

The actual quantities transacted in disequilibrium will be the result of an ex-
change process fha.t transforms the inconsistent demands and supplies to a result
where actual demand equals actual supply. For this to be possible the process may
lead to rationing of some agents in some markets. This is done through the rationing
mechanisms defined earlier.

We now impose two conditions on the rationing mechanism in the same manner
as Bohm (1989). A more detailed discussion of these conditions can be found in
Benassy (1982). Bohm also imposes a number of regularity conditions which are
not discussed in the following. The first condition says that all trades are voluntary,
meaning that no agents are forced to trade more than they are willing to. The ra-
tioning mechanism was defined in equation (16) as being a mechanism nu;;(X;, s;, w;)

which transformed all the agents’ demand vectors X, -, X,, into a transaction g;; of
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good j by agent i which is consistent with all other transactions in the economy.
The notation here differs somewhat from equation (16) with ¢ indexing the n agents,
j indexing the m different goods. The vector X; includes all the individual goods
Z;; *+* Tim demanded by agent ¢ while the transacted quantity g;; is an element of
the vector of agent ¢’s transactions @;. Under the assumption that the transacted
quantity g;; has the same sign as the agent’s net demand z;;, then the condition of
voluntary trading implies that:

< z;; if z;; 20

ai; = vii(Xi, si,wi) (32)

> z;; if z;; <O0.
This says that agent i can not be forced to buy or sell more than he wishes to. This
condition can be used to give a more formal representation of how much the agent
can influence the rations he faces. We let @-J-A = Ui;(Xi, 8i,w;) be the maximum
possible quantity agent i can buy of good j and let g; = v;;(X;, 8i,w;) be the
maximum possible quantity he can sell of the good. These upper and lower bounds
indicate how much each agent can influence his maximum transactions through his
net demands X;. The condition of voluntary trading implies that the rationing

function v can be written:

V,’j(X,', s.-,w) = min {ma.x {Z,‘j,l_/_,-j} , 7,']'} . (33)

This says that if the agent’s net demands z;; lies within the bounds v;; and 7;;, then
the rationing function allows him to realize this demand. If, on the other hand, his
net demands lie outside the bounds then his realized transactions will be equal to
the bound which is closest to z;;.

A rationing function is called non-manipulable if an agent can’t influence his

maximum and minimum bounds. This is the case if (v;;,7;;) are independent of the

30

agent’s actions:
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Z;J(Xn 31')“)) = Z:(Sg,(d), (34)

V;j(X,', Si, w) = 7:(8,', w).

If the agent’s expressed net trades influence the maximum limits, then the rationing
function is called manipulable. If the rationing function is manipulable, then rationed
agents may engage in strategic actions to secure themselves as great a quantity as
possible. This can lead to an infinite series of overbidding. An example of a manip-
ulable rationing scheme is proportional rationing where the rations are proportional
to the agents’ announced net demands. »

A problem with non-manipulable rationing functions is that they may lead to
there being no disequilibrium information in the market. When the agent knows that
his expected transactions must lie within his upper and lower bounds he may have
no incentive to signal a net dema.nd outside those bounds. Manipulable rationing
mechanisms must in most cases be stochastic for there to exist an equilibrium.

The second condition usually impos.ed on the rationing mechanism says that
there shall not be excess demand and excess supply for a good at the same time.

This means that there is a certain efficiency in the market and implies that if

(Z 2:.'_,') -z2;; <0

then we must have that
Egq; = EVij(Xushwl) = &;j.

The above expression says that if the sign of an agent’s demand is different from
the sign of aggregate excess demand (implying that the agent is on the short side
of the market), then his expected transaction is equal to his net demand and he is

not rationed.
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3.5 Fixed-price equilibria

We now return to the concept of effective net demands. An agent’s effective net
demands X° are the demands the agent signals to the market after taking into
account how rationing affects him. If the agent believes he can manipulate the
upper and lower transaction bounds he faces, he m#y even announce effective net
demands which are much greater than what he actually wishes to transact. In
any case the effective net demands will in general be different from the notional
(Walrasian) net demands. |

As is apparent from our earlier discussion, the effective demands of each agent
will depend on the signal they receive from the market about the actions of all other
agents. An equilibrium in the economy requires that the signals in the economy are
consistent with the effective net demands expressed by the agents.

A fairly general equilibrium concept is that proposed by Gale (1979), which
defines equilibrium as a combination of market demands X; and signal functions F;

that satisfy the following two conditions:

X.' = Xf(s.)
for all 1 (35)
8 = F‘.'(Xl,Xz, e ,Xn)

which admits the use of stochastic rationing mechanisms. In the first condition,
the agent takes the signal s as given. He does not believe his actions influence
the signal he receives. This may be the case even if his rationing mechanism is
manipulable. The first condition seems reasonable as long as the there are large
number of agents in the economy. Gale (1979) uses the above equilibrium concept
to show the existence of quantity constrained stochastic rationing equilibria.

In the literature the two most heavily used equilibrium concepts are Dréze equi-
libria due to Dréze (1975) and K-equilibria due to Benaésy (1975,1982). Both these
concepts assume non-stochastic and non-manipulable rationing mechanisms. They

are special cases of the equilibrium concept due to Gale, and are characterized by
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utilizing different specifications of effective demand. Svensson (1980) compares these
effective demand concepts with the more general effective demands one gets with
stochastic rationing mechanisms.

We now assume that the signal received by agent ¢ consists of a price vector
p and the quantity constraints he faces in all markets. These quantity constraints
consist of a list of upper bounds 3;; and of lower bounds s,; for all goods j. These '
bounds will respectively be functions F;; and F;; of the actions of all the agents in

the economy:

8ij = FtJ(Xlev Xe) (36)

8;; Fi(X15- -, X3),

%
I

where we assume that the only actions undertaken by agent i is the expression
of effective demands Xf. From equation (33) we know that this implies that the

rationing function can be written as:

‘u,-j(X,-‘,s.-,w) = nun{max{ ,J,_‘Jl},i,-j}. (37)

The assumption that the actions in the above equations are confined to effective
demands (optimization taking all constraints into account) leads to the possibility
that these effective demands will be multivalued. It is easily seen that if a z; > 3;;
is optimal, then all other effective demands larger than the upper bound will also be
optimal. To get around this problem Benassy (1975,1982) used Clower demands as
effective demands. Clower demand (Clower (1965)) for a good is the result of utility
maximization subject to a budget constraint and all quantity constraints except the
quantity constraint which applies to the good in question. The utility maximization

problem for agent 7 can in this case for each good z;; be written as:

max Vi(X; + X;, M;),
z5
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(38)

Si < Zik < Sik, k#j

which for good j yields the Clower net demand z;(p, s;,3:). Rej)ea.ting this max-
imization for all m goods yields the vector of Clower demands X3(p,s;,3;). This
vector of effective demands has the property that whenever a constraint is binding
on a market, the corresponding demand is different from the constraint. and thereby
from the resulting transaction. The Clower demands therefore signal to the mar-
ket that the agent is constrained. The Clower demands have the weakness that
the procedure of maximizing market by market is arbitrary, and that the resulting
transactions may violate the budget constraint. Assuming strict quasi-concavity
of the utility function however, is sufficient to assure that the budget constraint is
satisfied.

Benassy (1975) defines a fixed-price equilibrium using the concept of Clower de-
mands. This equilibrium, called a K-equilibrium is a set of demands, X, transactions,

Q, and perceived constraints 3; and s; such that:

(a) Xi = X{(p,s: %), i=1,...,n, j=1,...,m,
(b) @; = min{max{z;j,._s,-,-},igj}, i=1,...,n, Jj=1,...,m,
() ;= Fiy(Xy,...,Xn), i=1,...,n, j=1,...,m,

s; = Fiy(X,...,X0), i=1,...,n, j=1,...,m,

where g¢;; is an element of the transaction vector Q;. Since condition (b) defines
a rationing mechanism, it follows that in equilibrium we will have that }>;¢;; = 0
will be the case for all markets. It should be noted that it is possible to define a
K-equilibrium without imposing the condition of no short side trading we discussed
earlier. This opens for the possibility of inefficient rationing schemes.

Dréze (1975) contains a definition of equilibrium which is different from the
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one proposed by Benassy. It utilizes an effective demand concept, Dréze demands,
which is theoretically more satisfying than the Clower demands. Dréze demand
(Dréze (1975)) for a good is the result of maximizing a utility function subject to a
budget constraint and all quantity constraints that exist. The utility maximization

problem for agent ¢ can in this case be written:

max wi(Xi + Xi, M;)

(39)
s.t. pX; + M; = M;,

which yields the vector of Dréze net demands X¢(p, s;,3:). A Dréze equilibrium is

defined as the set of transactions Q and perceived constraints 3; and s; that satisfy:

(a) @i = Xi(ps:,%), i1=1,...,n,
()  Qij =3;;for some i implies Qi; > $;; for all k # 7,

Qi; = 8;;for some i implies Qi; < 3i; for all k # j.

Condition (a) says that each agent’s transactions are equal to his Dréze demands
based on individual utility maximization. Condition (b) says that the transactions
should balance on each market, and condition (c) says that only one side of the
market can be rationed at a time. This is in contrast to the K-equilibrium which in
general allows inefficient rationing. The greatest problem with the Dréze equilibrium
is that it imposes that each agent’s transaction is equal to his demand. The agent
has no possibility to signal to the market that he is rationed. The Dréze demands
are théreby inadequate as measures of disequilibrium.

Condition (c) of the K-equilibrium specified how the quantity constraints are

distributed among agents, while there is no such specification in the Dreze equilibria.
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One must therefore make additional assumptions about the distribution of quantity
constraints, such as uniform or proportional rationing. If one assumes that all
rationing schemes are efficient (no short side rationing) then the two definitions of
effective demand yield similar sets of equilibrium allocations for a given price system.

As we have seen, the two equilibrium concepts of Benassy and Dréze each have
their weaknesses. The K-equilibrium is based on effective demands which are arbi-
trary while the Dréze equilibrium does not differentiate between demands and trans-
actions. The most widely used concept in theoretical work has been Dréze demands
and Dréze equilibrium because they are explicitly based on utility maximization.
Dréze demands have been little used in econometric work because they imply that
there can be no discrepancy between actual and effective demands. Most econo-
metric specifications of multi-market disequilibrium models have employed Clower
demands. Lee (1986) shows that in fixed-price models the assumption that only one
side of a market can be rationed at one time implies that different specifications of
effective demand will lead to observationally equivalent expressions. This will be
discussed in more detail later. |

The definition of equilibrium in a stochastic framework proposed by Gale (1979),
which is given in equation (35) above, encompasses the K-equilibrium and the Dréze
equilibrium. Weinrich (1984) argues that the concept of stochastic rationing is un-
avoidable for any satisfactory deﬁnitioﬁ of effective demand and that these rationing
schemes ought to be manipulable.

In our discussion of non-Walrasian equilibrium, we have been preoccupied with
discussing the most relevant concepts, while overlooking such issues as the existence
and uniqueness of the different equilibria. These issues are outside the scope of
this paper. It suffices to mention that Gale (1979) shows the existence of quantity-
constrained stochastic rationing equilibria in a general framework, while Benassy
(1975) and Dréze (1975) show the existence of their respective equilibrium concepts.
Weinrich (1984) shows the existence of equilibria with stochastic manipulable ra-

tioning schemes.
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3.6 Wage and price stickiness

In the above discussion we have looked at the economy as a series of sequential
temporary equilibria. Prices and wages are not necessarily constant over time in
such models, but are assumed not to instantaneously clear markets. Rationing
can therefore occur because the economy is stuck in. an equilibrium where prices
and wages do not clear the markets or because prices and wages adjust slowly and
therefore take time to clear markets. If prices and wages are sluggish, but converge
towards an equilibrium, this equilibrium may be either Walrasian or noﬁ-Wa.lrasian.
In any case there will be a period where the economy is in disequilibrium. If the
economy is constantly experiencing unanticipated shocks it seems natural that this
will be the case most of the time. Even small unanticipated shocks can bring about
shifts in expectations, which may lead to substantial changes in the wage-price vector
required to achieve Walrasian equilibrium. This is illustrated in Neary and Stiglitz
(1983) using a two-period temporary equilibrium model. Their model implies that
even if many markets in an economy clear instantaneously, quantity rationing in
other markets can have serious consequences for the economy as a whole. They

conclude that:

... with limited flexibility of some prices, increasing the flexibility of other
prices may reduce rather than increase the ability of the system to return

to Walrasian equilibrium.

Neary and Stiglitz also show that introducing rational expectations (perfect foresight
of future constraints) into their model increases the probability of disequilibrium and
enhances the effectiveness of anticipated government policy.

Disequilibrium models are of course more relevant, the more prevalent rigidities
are in the economy. In the literature there are many theories which try to explain
why wages and prices are sticky for at least a short period of time. Implicit contract
theory assumes that a lack of insurance markets leads firms to implicitly promise

workers a wage that is higher than their marginal product in bad times if they will
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accept a wage that is lower than their marginal product in good times. This type
of implicit contract leads to wages staying fairly constant over the business cycle.
Union bargaining over explicit wage contracts can also explain fixed wages over a
period of time.

Menu cost is an explanation for sticky prices which focuses on the cost firms
incur when changing prices. Firms may also be reluctant to change prices because
of signaling effects. A producer of a luxury good will often keep a high price even
when demand falls, because a high price is a signal that the good is of high quality.

Efficiency wage models assume that there are some attributes of labor that the
firms are unable to observe, such as human capital, moral, or work effort. In order
to get a higher quality labor the firms choose to pay high wages. In itself, efficiency
wage models do not explain wage rigidity, but providei a reason for markets not
clearing. One can also speculate that when wages are not directly connected to
excess labor supply, as in the efficiency wage model, they may stay constant longer
than they otherwise would. Another theory with similar consequences is insider-
outsider models (see for example Lindbeck and Snower (1989)) which assume that
workers who are already employed have some monopofy power which they use to
| ensure themselves higher wages (or other b.enefﬁts) than they otherwise would get.

Most of the theories mentioned above are concerned with the labor market and
are therefore too partial to be thought of as providing a more general price theory
which can be used in general models of the economy. At present a promising way
of incorporating price setting in such general models is by assuming monopolistic
competition.

Monopolistic price setting was incorporated for the first time into a general
equilibrium model by Negishi (1961), and one of the first papers to incorporate mo-
nopolistic price setting in a disequilibrium framework was Benassy (1976). Both
these papers use the concept of perceived demand curves. The perceived demand
curve gives the maximum quantity that the monopolist thinks he can sell as a func-

tion of price, given his market observations. Benassy assumes that quantities adjust
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infinitely faster than prices, allowing a separation of price and quantity decisions.

The price setting process is described in his paper as follows:

Assume that all firms have fized their prices; quantity movements occur,
with eventual multiplier effects, then quantities stabilize at what we will
call a K-equilibrium, and transactions can actually take place. Firms
then observe some price and quantity variables, re-estimate their per-
ceived demand curves, change their prices, and so on .... Monopolistic
equilibrium is attained when no monopolist wants to change his p-rice on

the basis of what he observes.

Benassy proves the existence of equilibrium in this model.

Benassy (1987) (also described in Benassy (1990)) uses the Nash bargaining
mechanism to develop another type of disequilibrium model with monopolistic com-
petition. His model assumes that there are three types of goods: money, different
types of labor and consumption goods. The economy consists of a number of con-
sumers and firms. Each consumer sells labor to all the firms and each firm sells goods
to all the consumers. Each seller sells only one good and is thereby a monopolist in
the market for this good. Benassy assumes that each price maker knows how the
economy functions and can compute the constraints which arise in all circumstances
in the economy. Each firm sets the price of its product and each consumer sets her
wage, taking all other prices and wages as given. The demand curves which arise
from this behavior are called objective demand curves by Benassy.

Equilibrium in the economy is given as a Nash equilibrium in prices and wages,
conditional on these objective demand curves. The concept of objective demand
curves implies that all agents take into account how the constraints they face vary
with the prices they set. The fact that the agents take their constraints into account
ensures the consistency of all transactions.

By combining the concept of objective demand curves and the Nash ba.rga.inihg

mechanism, Benassy has been able to develop a disequilibrium model where prices
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and wages are endogenously set. The model gives as a result that the economy is
inefficient, meaning it is possible to increase production and employment with all
agents being better off. Such inefficiencies are reminiscent of Keynesian models, but
the model also implies that monetary policy is neutral as in Walrasian models.

Hahn (1978) examines more closely the conjectures an agent makes in an economy
which, in contrast to Negishi and Benassy, is not intrinsically monopolistic. The
economies he studies admit the Walrasian case as a possible equilibrium, but can
also include cases where the economy is stuck in equilibria with quantity rationing.
Hahn assumes that the conjectures made by agents are such that those who are not
quantity consfrained take prices as given while agents who are constrained are aware
that they must change prices to ease the constraints. These conjectures can be of
many types and are thought of as being eﬁcogenous to the model. An agent only
takes his own constraints into account and is not allowed to consider changing prices
when he observes that other agents are constrained. A conjectural equilibrium of an
economy is a situation where agents accept current prices as optimal. Hahn shows
that there can be many such conjectural equilibria including a unique Walrasian
equilibrium. In the non- Walrasian conjectural equilibria there is quantity rationing
but the agents do not believe that changing prices will make them better off.

As the above discussion shows, disequilibrium models are more than models that
simply assume that prices are fixed. It is clear that the formation of expectations
and price dynamics are essential ingredients in a theory of non-clearing markets.
Still it must be admitted that much further research is needed in trying to model
such price dynamics and non-Walrasian equilibria. The lack of a clear theory of price
determination over time has lead the econometric literature to largely concentrate
on fixed-price models without any explicit modeling of price processes (sometimes
an ad hoc price adjustment equation is used). In the next sections we will take a

closer look at some the recent work in disequilibrium econometrics.
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4 Econometric Disequilibrium Models

In the preceding we discussed the theoretical modeling of disequilibrium within the
framework of temporary equilibrium. We now look at some recent developments
in econometric disequilibrium modeling. Our main interest is in estimating multi-
market models, since this reflects the general equilibrium framework we discussed
in the preceding section. Before discussing econometric multi-market models, we
briefly discuss the estimation of a single isolated market in disequilibrium. This
, gives a simple illustration of how the latent structure associated with disequilibrium
can be modeled econometrically. Examples of single market econometric models are
the seminal work of Fair and Jaffee (1972), which studies the housing market, and
that of Rosen and Quandt (1978), which looks at the labor market. We consider a
model where the price p; is considered exogenous and where sample separation is
unknown in the sense that we do not have any apriori information about whether it
is the demand or supply side which is constrained.

After looking at the estimation of a single market in disequilibrium we discuss
the problems involved when estimating multi-market disequilibrium models. The
most important problems are related to the specification of spillovers and to compu-
tational problems which arise when there are more than two or three markets. The
following discussion on how to specify spillovers will focus mainly on Ito’s (1980)
use of Clower demands. This discussion serves as an introduction to the discussion
of the virtual price approach of Lee (1986) and to the smoothing by aggregation
approach used by among others Lambert (1988).

4.1 A single market disequilibrium model

A very simple model which illustrates estimation of single market disequilibrium
models is the following (which is a very similar specification to one used by Fair and

Jaffee (1972)):
D: = aip: + Biz1e + vy, (40)
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St = aap + Paza + Uz, (41)
Qc = m.in(Dt, St)’ (42)

where z;; and 25, are observed exogenous variables (they can be considered vectors),

and u;, and u,; are independently distributed ra.ndom variables with
ui ~ N(0,0?), i=12

The variable p, is the exogenous price of the commodity, D, is the unobserved
demand for the good, S, is the unobserved supply of the good, and Q, is fhe observed
realized traded quantity at time ¢.

The model is fairly ad hoc and is not directly based on utility or profit maximiza-
tion. Equation (42) is the min condition we have discussed earlier, implying that all
trades are voluntary. Rosen and Quandt (1978) question the appropriateness of this
specification when both sides of the market possess some monopoly power. They
speculate that under such circumstances the realized outcome Q; may lie somewhere
between D, and S,. One way of generalizing the min condition is to add an error
term to equation (42). Such a formulation leads to a more genera.l‘ stochastic speci-
fication but does not i'epresent a better modelling of the economic processes. There
have also been suggestions, originating with Muellbauer (1978) and used in Lambert
(1988), that the realized outcome is an aggregation of corresponding quantities from
numerous unobservable local micro markets. We discuss this later in greater detail.

The model is often extended by specifying a price adjustment equation, usually
a variant of partial adjustment. Such equations are usually not well rooted in choice
theoretic considerations but do add structure to the model. As noted earlier we
lack a theoretically satisfying theory of price dynamics. Estimation of an ad hoc
price adjustment equation (and thereby the speed of adjustment) can be of impor-
tance when testing for equilibrium. It makes it possible for a disequilibrium model
to encompass an equilibrium model with the equilibrium model being equal to a
disequilibrium one with instantaneous price adjustment. That such a specification

is possible does of course not mean that it will be a satisfactory way of testing for
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equilibrium. Without a price adjustment equation the equilibrium model and the
disequilibrium model will be two non-nested models. This is discussed in more detail
in Quandt (1982). In the following we will only consider the simple model above
without a price adjustment equation.

For notational simplicity we let d; = a;p; + 5121 and s; = azp; + B222¢ and have
that E D, = d, and that E S, = s,. From our assumption that the random variables |
are independently normally distributed we easily see that

D, - S, = dy — 8¢ + uye — uz

is normally distributed N(d;—s;, 02+02) and that the probability of supply exceeding

demand is

—(d: — 3:))

\/0'1 +cr2

_ _ (de — s¢)
R ==

~ where @ is the cumulative distribution function of the standard normal distribution.

P(S:> D) = (——

) = 1-8&,, (43)

The probability of demand exceeding supply will accordingly be

In the following ¢ will denote the density function of the standard normal distribu-

tion and as above we define

The min condition of equation (42) implies that when S; > D, then Q; = D,. Using
this we get that the expected quantity transacted when the suppliers are off their

supply curves while demand is satisfied is given by

E(Q:|S:>D)) = E(D:|S: > Dy)
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di + E (uae | 8¢ + uae > de + uy)
= dy — 0.12 : i :
\/af+a§ 1-@,

In the same manner we get that the expected quantity transacted in the opposite

(45)

situation is given by

E(Qg | Dt >S¢) = E(Sg | Dt > St)

= dt+E(uzt|dt+u1t>3t+u2t)

2
s o2 &
t —_— = .
Voi+od @,

We can now find an expression for the expected observed quantity in the case where

(46)

we do not observe which side of the market is rationed. By using the above equations

(45) and (46) we get that

E(Q:) = E(D.|S:> D;)-Pr(S; > D;) +E(S: | D, > S) - Px(D; > 5¢)

= dg(l-@g)+8g§g—\/0’f+0’§¢g (47)

which implies that the expected observed quantity transacted will be less than a
weighted average of expected demand and expected supply. This is illustrated in
figure 5.

43



D

Se

E(Q:)
D,

quantity

Figure 5. Expected quantity transacted

4.2 Maximum likelihood estimation

We now consider maximum likelihood estimation of the model given in equations
(40) to (42). This model implies that there are two possible regimes: One where
demand is satisfied and supply is rationed and another where demand is rationed and
supply is satisfied (the possibility of both demand and supply simultaneously being
satisfied being trivially included in one of the two regimes.) Denote by g(D;,S:)
the simultaneous density function for D; and S; conditional on p;, z;¢, and z;,. We-
assume, as before, that the residuals u,, and uy; are independently and normally

distributed. This makes it possible to write the simultaneous density function as

g(DhSt)zgl;é(Dt—dt).i¢(sg—s,) (48)

(31 o2 02

where the first part of the right hand side is the density function for D, and the
second part is the density function for S;. The density function for @, conditional

on p;, z1:, and 25, becomes:
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h(Q:) = LTg(Qt,y)dy+/c)Tg(w,Qt)dz

- (3 - (0]
+;;¢(Q‘62 )[1-@(%—:&)]. (49)

Maximum likelihood estimation entails maximizing the likelihood function L:

T
L= I:I h(Q:)

with respect to a;, a3, B1, B2, 01, and o2. This type of model can be considered a
switching regression model with endogenous switching.

As noted in Quandt (1982,1988) maximum likelihood estimation of models where
sample separation is unknown often leads to the likelihood function being unbounded
in parameter space, which can result in the computation procedure breaking down.
The likelihood will be unbounded from above if for example the likelihood goes
toward infinity when one of the variances goes toward zero. Quandt (1988) contains
an example of a disequilibrium model where this is the case. This unboundedness is
a consequence of the latent structure of our model. Often unboundedness happens
at the boundaries of the parameter space (for example where one of the variances
are zero). One way to deal with such unboundedness is to employ a constrained
maximum likelihood where the constraints are such that the unbounded regions of

the parameter space are avoided.

4.3 Multi-market disequilibrium models

We shall now discuss how increasing the number of markets within the above frame-
work greatly increases the complexity of the model and can lead to computational
problems. As we have discussed before, when we have more than one market there

will be spillovers between the markets. Rationing in one market leads to changes
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in demand in other markets. An example is the case where consumers are rationed
in the labor market and therefore reduce their demand in the goods market. There
have traditionally been, as we have mentioned earlier, two ways of implementing
such spillovers in econometric disequilibrium models, Dréze demands and Clower
demands. Moét econometric specifications of multi-market disequilibrium models
have employed Clower demands.

A much used specification of Clower demands is the one introduced by Ito (1980),
where the effective demand for a commodity is calculated by maximizing a Cobb-
Douglas utility function subject to both the budget constraint and quantity con-
straints on the other markets, ignoriné any quantity constraint in the market under
consideration. The firms’ behavior is taken to be a.né.logous to the consumers’.

Ito’s specification of spill-over effects can be illustrated in the canonical two-
market model. We assume that each consumer has a Cobb-Douglas utility function
which depends upon the amount of the consumption good, X, the amount of leisure,

L — L, and the real balance of money, M/p, at the end of a period:

U = X*(L-LP(M/p) (50)

where p is the price of the consumption good. The consumers budget constraint is:

R+wL = pX+M (51)

where R is endowed income (including initial money balances) at the beginning of
a period. Maximizing the utility function (50) with respect to X, M, and L subject
to the budget constraint leads to the notional demand and supply functions for the

consumer:

= a

Dx = vy

[R + wf/] , (52)
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i _ 8 _

$, = L - R EEYEY [R+wL], (53)
and

- 1 : -

Dy = m [R+wL] . : (54)

The Cobb-Douglas utility function implies constant budget shares. It is useful to

note that combining equations (52) and (53) leads to the following expression for R:

R = -ii(a+i)b,g — ws. (55)

Effective demand and supply functions of the Clower type are, as mentioned
before, obtained by maximizing the utility function subject to both the budget
constraint and the quantity constraints on all other markets except the one under
consideration. If the consumer is constrained on the labor market we have that the
transacted quantity of labor, Qy, is less than the notional supply, Sz. In our case
this is the only constraint we need consider when deriving the effective demand for
the good X, since we only have two markets. Effective demand of the Clower type
for goods, taking into account the spillovers from the labor market, is derived from

the optimization problem:

max U
XM
(56)
s.t. R+wLl = pX + M,
L = QL7
which leads to the effective demand function for good X:
D — 2[R+ wQy]
¥ 7 p(a+)) ‘
- a wrs :
= Dy — — |8 — 57
x (a+1)p[L QL] (57)
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where we have substituted for R from equation (55). We see that the effective de-
mand for goods decreases as the degree of rationing in the labor market increases.
We find a similar expression for the effective supply of labor by doing the optimiza-

tion using the constraint in the goods market (X = Qx):

_ & B »
R A (P

In the following D and S will denote effective demand and supply while D and S de-

[@x — Dx]. (58)

note notional demand and supply. We let A; denote the combinations of coefficients

we find in the last two equations:

a w B p

'S @Dy M T Beie

We now assume that the firm maximizes profits with a Cobb-Douglas production
function, leading to similar Supply and demand expressions as for the consumer.
The market we are looking at has only one representative consumer and one repre-
sentative firm. Taking the consumer’s and the firm’s supply and demand functions
together leads to the following specifications of effective demand in the canonical

two-market model:

Dy = Dp+X(Qx — Sx),
St + 22(Qx — Dx), (59)
Dx = Dx+X(Qr - S1),
Sx = Sx+X(Qr- D),

&
I

where the spillovers are proportional to the difference between the actual quantities
transacted and the notional demands and supplies. The min conditions for the two

markets are functions of the effective demands

Qr = min(Dg,SL) (60)
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and
Qx = lnin(Dx,Sx). (61)

The )\;’s are functions of relative prices and will not be constant unless the
demand and supply variables are specified as nominal variables. It is also apparent
that the effective demands and supplies need not satisfy the budget constraint.

In concluding this section we will briefly discuss the computational problems in-
volved in increasing the number of markets to more than three or four. As we have
just discussed, multi- market disequilibrium models requires one to make assump-
tions about how the sbi]lovers between markets are. We will in the following assume
that an appropriate specification has been made, without going into specific detail.
In the two market model above there are four mutually exclusive and exhaustive

regimes:

regime 1: Dx Z Sx; DL _>_ SL,
regime 2: Dx > Sx, Dy < S,
regime 3: Dx < Sx, Dg > Sy,

regime 4: Dx < Sx, Dp < St.

For each regime it is possible to derive the relevant part of the probability density
function for the observed quantities Q x; and Q. in much the same manner as the
single market models (with the added complexity the addition of spillovers entails).
The density g;(Dx:, Sxt, DLt, Si¢) is the conditional density of regime 7 multiplied by
the probability of being in regime i. The density function of the observed variables

then becomes:
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h(Qx:, QrL:) =
(62)
/;x /;h. 91(Qx¢, 2, Qurs, )d:cdy + /x /L 92(Qx¢, 2,9, Qre)dzdy
Qx/Q 93(2, @x¢, Qre,y)dz dy +/ / 94(z, Qxe,y, Qre)dz dy.

The computation of these integrals is more complicated than in the case of only one
market because we cannot directly factor the g;’s as we did in the case of a single
market. In the single market model we assumed that each side of the market was
independent of the other, but because of spillovers this will not be the case in a
multi-market disequilibrium model. In multimarket models the g;’s must include
specifications of the interaction between markets, and these spillovers are the main
cause of the additional complexity of multimarket models. Computationally it is
not easy to do a numerical computation of multivariate normal integrals. Using
the specification suggested by Ito (1980) in a two-market model of the type we
have sketched above, Goldfeld and Quandt (1979) find that having to compute 2-
dimensional rather than 1-dimensional normal integrals increases computing time by
a factor of roughly 5 to 1. It is commonly assumed that it is not practically feasible
to do computations on anything higher than 3- dimensional normal integrals.
Econometric diseqﬁilibrium models are in my view attempts at empirically spec-
ifying temporary equilibrium models. Since the temporary equilibrium models en-
compass in general a large number of markets, the difficulty of extending economet-
ric models beyond two markets is disconcerting. One of the main challenges should
therefore be to develop models where there are more than two markets and/or to
develop satisfying aggregation methods in such models. In the next two sections
we will look at two ways of tackling these issues, the virtual price approach of Lee

(1986) and the smoothing by aggregation approach of Lambert (1988).
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5 Lee’s virtual price approach

Lee (1986) proposes an econometric approach based on virtual prices which makes
it unnecessary to choose between different specifications of effective demand. These
virtual prices are derived from explicit utility and profit maximization. Under cer-
tain stochastic specifications, Lee’s virtual price approach leads to a likelihood func-
tion which does not require the computation of multiple integrals, even when con-
sidering many markets. _

The Ito specification discussed earlier (equations (59) to (61)) is based on linear
spillover effects, which can be derived from (and only from) Cobb- Douglas utility
and production functions, and on min conditions in the resulting effective demands
and supplies. Lee’s approach uses the definition of Dréze equilibrium and derives
spillover terms which in a ﬁxed;price equilibrium are observationally eéuiva.lent to
the Clower demand specifications of Ito (1980) and of Gourieroux et. al. (1980b).
‘The different specifications differ in their modeling of excess demand and excess sup-
ply, but their reduced forms are equivalent ways to relate the basic structures to the
observations of traded quantities. This is not very surprising when we consider that
the Dréze equilibrium is a special case of Benassy’s K-equilibrium (which is based
on Clower demands). Gales (1979) more general equilibrium concept which opens
for stochastic rationing and manipulable rationing schemes has to my knowledge
not been used in any econometric models. If a model includes price adjustment re-
lationships which depend on the level of excess demand or excess supply, then Lee’s
results do not hold, and the relationship between the observed variables will differ
according to which spillover specification is chosen.

The Dréze equilibrium we defined earlier and which is used by Lee (1986) can

be written as a set of transactions where:

1. transactions balance on each market

2. transactions are utility- and profit-maximizing, taking all constraints into ac-

count
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3. suppliers and demanders can not be simultaneously rationed in any market

Lee characterizes these requirements using the concept of virtual prices (see Deaton
and Muellbauer (1980) pp. 109-114). The consumer’s maximization problem in the

case of two markets is:

max U(X,L,M)
X,LM
(63)
s.t. R+wL < pX + M,
L < QIn
X S QXv

where an interior solution can be characterized by the Kuhn-Tucker conditions:

U
55+,\1w—n1,=0, KL 20, (64)
aUu
E-X‘_/\IP_KX =0, v kx 20, (65)
U
a3~ M =0 (66)
and
pX -wL+M-R=0, - (67)

where ), and the x’s are Lagrange multipliers. Define the virtual prices as

dU(X, L, M)/dL

& T 8U(X,L,M)/aM (68)

and

dU(X, L, M)/8X
8U(X, L, M)]oM’

€x
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which are the prices which support the quantities Q7 and Qx as an unconstrained
(notional) utility-maximization solution.
We see that in general (with a quasi-concave utility function) we will have that

the Kuhn-Tucker conditions (64) to (66) imply that

A A1

and

_ Aptex n‘f
£x - Al p Al

The producers maximization problem is

max w=pX-—-wlL-M
X,L.M
(70)
st. F(X,L,M) <0
L < QL*)

XSQX’

where 7 is profit and the production function is F(X, L, M). The transacted quan-
tities QL and Q. will be the interior solution to (70) if the following Kuhn-Tucker

conditions are satisfied:

oF
Azﬁ—w—ﬂL‘—'O, pr 20, (71)
8F
Ay— — =0 >0, _ 72
255 TP—#x =0, px > (72)
OF

——1=0 73
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and

where A;, and the u’s are Lagrange multipliers. The virtual prices are defined as:

_ 8F(X,L,M)/5L
" = BF(X,L,M)/oM

(75)

and

_8F(X,L,M)/0X
8F(X,L, M)]dM

nx

which are the prices which support the quantities @ and Qx as an unconstrained
(notional) profit-maximization solution.
We see that in general (with a quasi-concave production function) we will have

that the Kuhn-Tucker conditions (71) to (73) imply that:

nmw=wtp 2w | (76)
and
nx =p—px < p.

From the definition of a fixed-price equilibrium above, we know that the producer
and the consumer can not be rationed at the same time. This means either sy or
pr must be equal to 0, and that either kx or ux must be equal to 0. This taken
together with equations (69) and (76) means that the following conditions must be

satisfied in respectively the labor and the goods market:

£L<wv L =w or £L=w7 nL 2w
and

E&x>p,x=p or {x=p, 1x <P
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This enables us to specify the four possible regimes of a two market model in terms

of the virtual and market prices:

1. < w =
& » L The consumer is rationed in both markets

&x>px=p

2. e<w,p=w The consumer is rationed in the labor market and the

Ex=p, 1x<p producer is rationed in the goods market
3. é=w, > w The consumer is rationed in the goods market and the
Ex>p,x=0p producer is rationed in the labor market

Ll=w > Tile producer is rationed in both markets

{x=p1x <p
There are some in-between cases such as the Walrasian equilibrium but under con-
ventional specifications of the unobservables they occur with probability zero and
can therefore be neglected. |

The relationships between the virtual prices and the market prices give a com-
plete description of the fixed-price equilibrium as described by Dréze (1975). Lee
shows that this fixed-price description is equivalent to the fixed-price specification
inherent in both the Ito (1980) and the Gourieroux, Laffont, and Monfort (1980b)
spillover specifications, even though the excess demand and supply functions will be
different.

Lee’s proof of the equivalence of his virtual price approach and the spillover
specifications used by Ito (1980) and Gourieroux, Laffont, and Monfort (1980b) are
based on four theorems relating the Clower effective demands to the virtual prices.
The two theorems for the consumer imply that if and only if the virtual wage is equal
to the market wage, will Ito’s (and the Clower) specification of effective supply of
labor, Si, be equal to the transacted quantity of labor, @ and if and only if the

virtual wage (the marginal utility of an extra unit of leisure) is less than the market
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~wage will Ito’s effective supply be greater than the transacted quantity of labor.

These two theorems can be written:

fb=w & SL=Q1 | (77)
and
fe<w & Sp>0Qr.

The theorems imply similar results for the effective demand for goods,

&x=p & Dx=0Qx
and
x<p & Dx>Qx. (78)

Lee’s other two theorems imply similar relationships between virtual prices and the

Clower effective demands for the producer, namely

n=w < DL=QLv
n<w & Dp>Q, (79)
nx=p & Sx=@Qx,
and
x <p & Sx>Qx,

where Dy is Ito’s (and the Clower) specification of effective demand. Combining

(77), (78), and (79) gives us that:

Qr = min(DL,SL), (80)
@x = min(Dyx,Sx).
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which proves that the Dréze (1975) definition of a fixed-price equilibrium (character-
ized by the virtual prices) is equivalent to the observed quantity of goods transacted
being the minimum of the Ito (1980) demand and supply. We thereby see that the
min condition when applied to effective demands of the Clover type is a consequence
of the definition of a fixed-price equilibrium. What the econometrician observes and
uses in his analysis is therefore independent of the behavioral justification behind
the spillover effects. In the end they end up being equivalent ways of characterizing
the observed variables Qp and Qx as a fixed-price equilibrium. The above results
are fairly general and can be extended to many markets.

The virtual price approach of Lee (1986) also makes it tractable to estimate a
multi-market model since the likelihood function does not include multiple integrals.
In discussing this approach we will useb as an example a two-market disequilibrium
model of the canonical type where the utility and production functions are Cobb-

Douglas:

U = X*(L-LY(M/p) (81)
and
F(X,L,M) = AL'M - X",

and where the parameterization of the production function has been chosen so that
the econometric model we discuss later will be as simple as possible. Utility and

profit maximization lead to the following virtual prices:

£ _ _seujer _ BM<
L = au/oM — (L-Qr)’
8U/8Xx c
fx = 3U/oM aQb)!‘ ’ (82)
_ 8F/8L  _  §M*
. = 3FaM = Qr°



and

_ _OF/9X _ M?
"X = “aFeM = Qx°

where M¢ and MP are the cash balances of the consumer and the producer respec-
tively. These virtual prices are the prices which support the quantities Q1 and Qx
as unconstrained (notional) profit-maximization solutions.

A natural way of defining the spillover from the labor to the goods market for
the consumer is to use the difference between the notional demand and the Dréze
demand, D%. As an example we look at the consumer’s effective demand when
the consumer is rationed in the labor market but not in the goods market. The
Dréze demand is the result of maximizing the utility function subject to the budget
constraint and all other constraints (in this case the rationing in the labor market).
In terms of the virtual prices this implies that §, < w and that é{x = p. The

difference between the notional demand and the Dréze demand will be:

~ N 1 a -
Dx — Dx ;m(w = &)(L - Qu). (83)

The spillovers depend upon the differences between the virtual prices and the market
prices in the labor market.

In the above presentation of Lee’s model there are two agents and two markets.
Lee shows that it is easy to generalize the model to include many markets, but does
not extend it to more than two agents. Lee assumes that the parameters in the

utility and production functions are stochastic over time in the following manner:

a = a exp(u = b exp(u
p(u1) £ = bexp(u) 0
§ = dexp(us) 7 = c exp(ua)

where a, b, c and d are fixed parameters and the u’s are independent random variables
with zero mean. This implies that over time there will be random fluctuations in

the utility and production functions. We now derive the likelihood for regime 4,
where the firm is rationed in both markets. In this regime Lee (1986) shows that the
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equations (82) can be written as (doing logarithmic transformations and substituting

from the budget constraint for M, and from the profit expression for M,):

Inp = lna+ln

R+ wQy —-PQx) +u,

L-QL
11117L = 1nd+ln pr wQL—W)-{-‘U,s,

hw = lnb+1n(R+wQL_pQX)+uz, (85)

and

Innx = hc+h(pqx—wQLf") + uq.
Qx

The transacted quantities Qz and Qx will be equal to the notional demands of the
consumer since the consumer isn’t rationed. We transform the probability densities
for u; and u, to the corresponding joint probability density for observing Qr and

Qx when we are in regime 4 leading to:

hs(Qr,@x) = |J(QL,@x)|- fr (lnP ln(R+w%i_pQX) lna)

s (mw—m(RJ”i’ci"&pQ‘) —.mb), (86)

where f; and f, are the density functibns of u; and u, and J(Qr, @x) is the Jacobian

of the transformation from (u1,u;) to (Qr, Q@x). Equation (86) gives the probability
density for our observations if we are in regime 4. We now multiply this density
with the probability that we actually are in regime 4 to obtain the unconditional

likelihood L4 of an observation being in regime 4:

L,

he(Qr,Qx) - Pr(nz > w) - Pr(nx < p)

= hQL,Qx)- [1 -G (lnw —In (PQX —q‘;’LQL - 1r) —lnd)]
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Gy (lnp-—ln(pr _C;”XQL_") —lnc) (87)

We can analyze the other regimes in a similar fashion and thereby get expressions
for the contribution to the likelihood function of the four regimes: L;, L,, L3 and
L4. We see that this approach avoids the multiple integrals we discussed at the end
of the preceding section (see equation (62)). Adding these contributions together
gives us the total likelihood. As noted earlier, Lee’s approach can be generalized to
many markets as long as there are only two agents in the economy. The producer
can produce a large variety of goods which are consumed by the consumer, but we

can not directly generalize Lee’s approach to many consumers and many producers.

5.1 Coherency

The term coherency in an econometric model means that there is an unique so-
lution to a simultaneous equation model. Fof example in Lee’s model we take a
transformation from the density function of the random variables, the u’s in our
case, to the density function of the observed vaﬁables,.the Q’s. This is possible if
~there for each vector of u’s is a unique vector of Q’s. If there is a correspondence
between the u’s and the Q’s so that several values of Q correspond to a given value
of u, then it is not possible to infer the density function of the Q’s from ‘the u’s.
The problem of coherency occurs in many types of models including Tobit, Probit,
and self-selection models. When prices are endogenous in disequilibrium models the
problem of coherency can become even more complex.

For the disequilibrium models of Ito (1980) and Gourieroux, Laffont, and Monfort
(1980b) necessary and sufficient conditions for coherency are derived. In their models
coherency is equivalent to local dynamic stability of the system.

Lee’s model is coherent because the solution @ is unique within each regime.
It can be calculated for each regime from the virtual price equations which are
equal to the market prices (e.g. the two first equations for regime 4 in equations

(85)). We therefore have a unique reduced-form equation system which is such that

60



the probability for all regimes add up to unity. The uniqueness of the fixed price
equilibrium guarantees that the likelihood is well defined.
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6 Macro models using the smoothing by aggre-
gation approach

The models discussed in the preceding section assumed that only one side of the
market can experience rationing at one time. This may be a reasonable assumption
if each market is fairly small and homogenous, but seems more farfetched when
modeling a economy consisting of only two aggregate macro markets as is the case
in neo-Keynesian models such as that specified by Ito (1980). Muellbauer (1978)
suggested a “smoothing by aggregation” a.pprba,ch where each aggregate market is
seen as a continuum of micro markets. Lambert (1988) shows that simple assump-
tions enables him to specify a macro market which represents an explicit aggregation
of micro markets. This makes it possible for some micro markets to be in excess
supply while others are in excess demand. Lambert thereby takes a step away
from the conventional discrete switching models towards developing an aggregation
theory. Lambert’s model is a good vehicle for incorporating relevant data into a
econometric disequilibrium model, especia.lly that available through business sur-
vey data. Gourieroux (1984) derives similar aggregated relationships as those in
Lambert (1988).

Lambert (1988) starts by modelling micro markets. These are markets that are
so small that we can assume that only one side of the market is rationed, as is
reflected in equation (90). This might typically be the case if all transactions in
the market take place in only one specific physical location. Lambert assumes that

micro demands and supplies are lognormally distributed as in equations (88) and

(89),

In dj = /\d + €15, (88)
In 8; = A’ + €25, (89)
lnq_.,- = min (ln dj,lns,-), (90)
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where d; is the notional micro demand in micro market j, s; is the notional micro
supply, g; is transacted quantity and the A’s are structural relationships (including
for example prices). These micro demands and supplies are assumed by Lambert to
be effective demands and supplies as defined earlier. The residuals, €;; and €,; are

bivariate normally distributed:

2
€1j 0 oy po102
~ N ,

2
€25 0 poO102 o,

and we denote the bivariate density function for €, and ¢; as f(e1,€2). A p >0
implies the reasonable assumption that a larger than average supply corresponds
to a larger than average demand. The stochastic residuals are also assumed to be
independent across the j micro markets. Under the above assumptions expected

demand and supply> in each micro market will be

E(d;) = exp (z\d + —;-af) (91)

and
1,
o) = exp (304 102).

which can be interpreted as the average supply and demand across a large number
of similar micro markets. Lambert introduces the macro variables D and S which

are defined as

D = N-d; = N-exp(A¥+¢), ' (92)
S = N-s; = N-exp()’ +¢2),

and the aggregate transacted quantity Q defined using the min condition:

Q = Y min(dj,s;). (93)
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The joint density function of the two variables D and S, g(D, S), can be derived

from the density function for €; and ¢, as:

1

9(D,5) = 55

faD—-InN-MInS—lN—-)). (%)

Expected effective aggregate demand and supply can be written respectively as

E(D) = N-E(d)
= N -exp ()«d + %af) (95)
and
1,
E(S) = N-exp (/\‘ + 502) :

when there are a large number of micro markets. Aggregate transactions when the
min condition prevails on each micro market will be the expected transaction on

each micro market times the number of markets:
E(Q) = N-E [min(dj,s;)]

= /m /w N exp()\? + z) f(z,y) dz dy (96)
—oo JAd-\* 4o

4 [ fo s, ¥ 20 49 f(o9) dedy
= /ow/:D-G(D,S) deD+/o°°/S°°s.G(D,5) ipds  (97)

= E(D|S>D)-Px(S>D)+E(S|D>S)-Pr(D>S)

Lambert shows that the CES function:

E(Q) ~ [E(D)™* +E(5)"% = Q" (98)
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gives a good approximation to equation (96) for p > 0. He succeeds thereby in
getting a fairly simple expression for aggregate transactions. We see that equation
(98) implies, as one would expect from Jensen’s inequality, that expected aggre-

gate transactions will be less than either expected aggregate demand or expected

aggregate supply,

Q" < min(E(D),E(S)). (99)

An alternative way of deriving equation (98) is pointed out in Gourieroux (1984).
Instead of assuming the lognormal distribution in equations (88) and (89), Gourier-
oux assumes that the demands and supplies in micro market j are spesified as

follows:

d; = X, (100)

—_ s
s; = MNeg,

where €3 and ¢4 are Weibull distributed stochastic variables reflecting the distribu-
tion of demand and supply across the many micro markets. In this case equation
- (98) will apply exactly.

When considering two aggregate markets, Lambert finds it necessary to assume
that there is zero correlation between the micro disturbances of these markets. This
is necessary to be able to aggregate each market separately and thereby be able to
use equations in the form of (98) for each aggregate market. Lambert also shows
that the approximation used to get equation (98) leads to a fairly simple expression

for the weighted proportion of micro markets in excess demand,

P(D>S) = E(lc—ﬁ/:/: 9(D, S)dD ds

~ 1 (101)

)
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The parameter p can be interpreted as a dispersion parameter. A decrease in p moves
the curve away from the contract lines E(D) and E(S). Taking the derivative of Q*

with respect to E (S) gives us:

Q@ 1
8E(S) _ E(9) H(%%)-P'

Rearranging this gives us that the elasticity of aggregate transaction (realized quan-

(102)

tity) with respect to aggregate supply is equal to the weighted proportion of micro

markets in excess demand,

Els (@) = 5‘%‘%‘% ~ P(D > S),  (103)

and the elasticity of aggregate transaction with respect to aggregate demand is equal

to:
0ln Q"
El ) = ———F—— = 1-P(D 2> 09). 104
The extent of excess demand (P(D > S)) reduces therefore the multiplier effect of
an autonomous increase in the demand for goods. Lambert (1988) assumes that the
extent of excess demand P(D > S) is observable using business survey data. He

goes on to show that the relationship between Q* and P is given by:

Q" = [E(D)™*+E(S)]™>

(52 o

~ E(S)-[P(D > $))°

= )

Rearranging this expression and proceeding similarly for E(D) we can express the
unobservable quantities E(S) and E(D) in terms of the observable quantities Q* and
P(D > S):
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E(D) =~

Q" -[1-P(D > 5)|7,

E(S) ~ Q*-P(D > S)s.

(106)
(107)

These equations can now be used to estimate a neo-Keynesian model where some

parts of the economy may experience Keynesian unemployment and other parts may

experience Classical unemployment.

The smoothing by aggregation approach we have discussed above leads to a de-

terministic solution, since the micro disturbances have been aggregated out. Lam-

bert introduces therefore a further stochastic structure at the macro level (equations

(111)) and extends the model to two aggregate markets, one for labor and the other

for goods. He uses the Ito (1980) spillover specification and assumes the error terms

to be jointly normally distributed. Lambert’s full model derived for the Belgian

economy is:

QL
Qx

P(DL > SL)

P(Dx > Sx)

InE(Dy)
In E(Sy)
In E(Dx)
In E(Sx)

(D) + E(S2)~"],
[E(Dx)™ + E(Sx)~*]"*,

1

Em,)\°’
1+(E(sL)) |

1
Ewmg\ ™’
1+ ( (Sx))

In Dp + X\ (In Qx — In Sx),
In Sz + A;(In Qx — In Dyx),
In Dx + As(ln Qz — In 51),

InSx + \(InQ; —InDyg),
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InDy = aylnpy+Bilnz +u,
InS; = aslnpr + B2lnzy + uy, (111)
InDy = 7 Inpx + 611n z3 + us,

InSx = 7Ylnpx +6z21n 24 + uy,

I DUC = (x+1n(9i)+u5, (112)
Sx)
and
InUNR = m(g—i) (113)
SL)

where time subscripts have been dropped. The variables D; and S; are the macro
variables defined in equations (92) and D; and S; are notional demands and sup-
plies. The variable UNR is the unemployment rate, DUC is the degree of capital
utilization, and (x is a parameter in the capital utilization equation (112). The
error terms, uy,...,us, are jointly normally distributed. The vectors z; consist of
observed macroeconomic variables.

Equations (108) and (109) are based on the smoothing by aggregation approach
we have discussed above. As mentioned above, equations (108) assume that the
micro disturbances for the labor and goods markets are uncorrelated.

Equations (110) are a variant of the Ito (1980) specification of spillovers we looked
at in equations (59). Lambert assumes, in contrast to Ito, that the spillovers are
log-linear. Lambert’s actual model is generalized to also include the Portes (1977)
specification of spillovers. His estvima.tes and theoretical considerations lead him to
prefer the Ito specification. Lambert assumes that A, = 0, implying no spillovers
from the goods market to labor supply. He argues that the open character of the
small Belgian economy and large substitution possibilities among goods leads to
households never expecting to be rationed on the goods market seriously or long
enough to induce them to alter their labor supply.

The empirical counterpart to the variables P(Dy > Si) and P(Dx > Sx) are
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assumed to be observed without error. Including error terms for these variables
would make the model much more complicated. They are observed using business
survey data. Equations (111) specify the notional variables D; and S; as log-linear
functions of a set of explanatory variables and an error term. The functional form of
equations (111) can be derived by explicit utility and profit maximization, and the
total stock of capital is included as one of the explanatory variables in the vectors
z; and z4. |

Equation (113) gives the definition of the unemployment rate, but is not used by
Lambert because he doesn’t have data for it. It is included here only for the sake of
generality. The degree of capacity utiiiza.tion, DUC, is theoretically defined in the
same manner as the definition of UNR. Lambert’s data from business surveys for
the Belgian economy do not‘ correspond exactly to this definition, so he has posited
a stochastic specification for DUC.

By substituting the notional trade offers Dy, Si, Dx, and Sx in equations (111)
and the unobservable demand and supply variables E(D), E(SL), E(Dx), and
E(SL) in equations (110) into the remaining equations (using equations (106) and
(107) to simplify the expressions) and rea.rranging, Lambert’s full model (excluding
the UNR relationship) is transformed into five equations which are log-linear in the
five observable variables Qr, Qx, P(Dr > Si), P(Dx > Sx), and DUC and the five
error terms. In this manner the smoothing by aggregation approach is incorporated
into a full model suitable for estimation. For the exact specification of the model
the reader is referred to Lambert (1988).

There have been many empirical studies based on the smoothing by aggregation
approach, either based on Lambert’s model or on related approaches. Some of the
most recent are a study of Belgium by Sneessens and Dréze (1986), of Switzerland
by Stalder (1989), of Germany by Franz and Konig (1990) and a summary of ten
country studies by Dréze and Bean (1990). |

The main advantage of the smoothing by aggregation approach is that it leads

to a model which is fairly simple to estimate and which opens for the possibility
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of a varying degree of excess demand or excess supply on all aggregate markets.
This is an important step away from the previous discrete switching regression type
models. The smoothing by aggregation approach incorporates the use of business
survey data and leads to a macro model which can be flexibly specified through the
choice of variables which are included in the z-vectors

A characteristic of this approach is that it is not explicitly micro based. Building |
the model on micro markets is only a half- way solution. It would have been much
more satisfying if it were possible to do the micro specifications at the level of the
individual agent instead of the micro market. It is also theoretically unsatisfying
to postulate independence between the micro disturbances in the goods market and

the labor market.
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7 Some thoughts on future research

The above discussion has focused on the specification of econometric multi-market
disequilibrium models and on the theoretical basis for such models. The temporary
equilibrium literature provides a very general theoretical platform on which econo-
metric models can be based. In extending the Arrow-Debreu framework to include
situations where the economy is outside of equilibrium, this literature highlights
how important it is to understand how markets actually work, instead of simply
assuming that the outcome will be of a market-cleaﬁng nature. In the temporary
equilibrium theory observed prices and traded quantities depend on how agents form
expectations about prices and quantities, how they signal their wishes to the market,
and how the market responds to these signals by setting prices and assigning quan-
tities to each agent. Even though we still lack a thorough understanding of markets,
the temporary disequilibrium literature captures the important insight that a mar-
ket consists of processes taking place over time and involves search, matching and
information gathering. The current literature shows that there exists temporary
equilibrium under fairly general conditions, but also leaves many questions unan-
swered. As our earlier discussion of Clower and Dréze demands shows, there are
problems connected with specifying satisfactory definitions of effective demand and
with specifying the resulting equilibrium conditions. There has also been done little
work on the dynamic aspects of modeling a series of markets over time. Under-
standing such dynamics is especially important when doing empirical work using
time series data.

The concept of effective demand is important in theory, but as discussed in sec-
tion 5, the choice of specification is not as important in econometric work. Lee
(1986) shows that different specifications of effective demand lead to the same char-
acterization of the observed quantities in a fixed-price equilibrium. The unobserved
excess demands and supplies will be different, but the relationship between the basic

structure and the observations of traded quantities will be the same. Lee’s paper
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demonstrates the usefulness of formulating microeconomic disequilibrium models
in terms of virtual prices, even when such prices are unobservable. Virtual prices
constitute a direct and intuitive way of characterizing different regimes. It would
probably be valuable to use this approach also in theoretic work, and doing so might
make it easier to incorporate theoretical advances into econometric models.

It is important to note that even though most disequilibrium models in the
economic and econometric literature are of the two-market neo-Keynesian fixed-
price type discussed in section 2, the neo- Keynesian model is just a-special case
within the more general framework of temporary equilibrium models. It is possible
to increase the number of markets and to consider more general price formation
schemes ranging from full rigidity to full flexibility.

The temporary equilibrium approach can be used to derive macroeconomic rela-
tionships based on explicit microeconomic modeling while taking into account that
there is not necessarily a full utilization of resources at all times. Much of the short
term dynamics of an economy can be viewed as the result of economic activities
being spread over time and space making coordination and information gathering
difficult. Understanding such dynamics requires that they be studied at the micro
level and that the computational and informational constraints the agents face be
taken into account.

Aggregating from micro to macro is of course far from easy. In addition to the
usual problems associated with aggregation, a disequilibrium situation implies that
prices and quantities only indirectly reveal the agents preferences. Wages will for
example not necessarily be equal to the workers marginal products nor their marginal
utility of labor. That such aspects of the agents decision-making are unobservable
in disequilibrium makes aggregation more difficult than in an equilibrium situation.
If we observe a worker working 40 hours a week, we do not know whether this
equals his notional demand, whether he would like to work more at the given wage,
or whether he would like to work less. We also have to deal with corner solutions

and self-selection, especially in the labor market. A worker’s opportunity set will
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for example usually include a number of types of work which he chooses not to
take, and the observed wage distribution will for example not be the same as the
underlying wage distribution which confronts the workers. The list of unobservables
can easily be extended to include the agent’s information sets, their expectations,
and to include all manner of unobserved heterogeneity.

The problem of unobserved or latent variables has been at the center of most
econometric disequilibrium models. A typical latent variable problem in the econo-
metric disequilibrium literature is the problem of estimating which side of a market
is rationed. At the beginning of section 4 we saw how the early literature on estimat-
ing single market disequilibrium models dealt with this problem. We also discussed
how the problem of estimating multi- market models was dealt with by Ito (1980).
Ito’s specification of spillovers is based on Clower demands and a Cobb-Douglas
utility function. Many two-market models have been estimated using Ito’s specifi-
cation, but expanding the approach to more than two markets has proved difficult
due to computational difficulties.

Being able to estimate models with more than two markets would increase the
applicability of econometric disequilibrium models. It ﬁoﬂd, among other things,
make it possible to estimate spillover effects between the markets for different types
of labor employed in different industries. One might, for example, wish to study
how easily unskilled labor can replacé different types of skilled labor in different
industries. Such a study may indicate how serious it would be if a large part of
the labor force stays unskilled while the relative size of different industries changes.
Econometric models with more than two markets would also make it possible to
study bottlenecks due to shortages of different types of skilled labor or shortages of
other inputs.

Lee’s use of virtual prices offers a partial solution to the problem of estimat-
ing multi-market models. Lee (1986) considers only two agents dealing in many
markets and his approach is only applicable under fairly stringent functiona.lla.nd

distributional assumptions.
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As we saw in section 6, Lambert (1988) uses a stochastic aggregation approach
to aggregate across micro markets. Using this method to specify aggregate la-
bor and goods markets, leads to an important generalization of the neo-Keynesian
macro model. In the early neo-Keynesian models the whole economy either experi-
enced classical 'unemployment, Keynesian unemployment or repressed inflation. The
“smoothing by aggregation approach” makes it possible for parts of the economy
to experience one regime while other parts experience another regime. An economy
can thereby experience a combination of for example classical and Keynesian unem-
ployment. Lambert’s approach takes as a starting point micro markets instead of
starting out with optimizing agents, and does not capture spillover effects between
markets. |

Instead of aggregating across micro demand and supply functions in the manner
of Lambert (1988), it is an open question if is is possible to use the virtual price
equations of Lee (1986). On the basis of virtual prices it should, at least in principle,
be possible to integrate out unobservable variables to get aggregate relationships. We
saw in section 5 that using virtual prices gives a simple interpretation of spillovers
as functions of the difference between the virtual prices and the market prices.
Stochastic aggregation based on the virtual prices should therefore be able to include
spillover effects. To illustrate how such an approach might look, assume that the
economy consists of a number of consumers each selling their labor to all firms in
the economy, as in the monopolistic competition model of Benassy (1987,1990). The
firms also sell goods to the consumers, but for simplicity we only consider the labor
market. This implies that each combination of worker and firm is a separate micro
market. Benassy goes on to consider the case where each worker has monopoly power
in his labor markets and each firm has monopoly power in its product markets. By
letting these monopolists set prices he succeeds in getting a disequilibrium model
with endogenous prices. We will not discuss further the monopolistic structure of
such a model, but will briefly consider how one might aggregate across such micro

markets.
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As we have seen earlier the virtual price of labor supplied to firm j from person
1, {ij, and the firm j’s virtual price for labor supplied by consumer 4, ;; will both be
functions of the transacted quantity of labor l;;. These virtual prices are different
for each person and firm and are assumed unobservable to the econometrician. Let
us assume that utility and proﬁt maximization lead to the following virtual prices

for labor:

&i = ha(l) + e (114)

N = ha(l;) + €2

where we have assumed that all heterogeneity across individuals and firms is repre-
sented by the stochastic variables €,;; and e,;;. We make the standard min condition
assumption that for each micro market the seller and the buyer will not be simul-
taneously rationed. This means for example that in an interior solution we never
can have both §;; < w;; and 7;; > w;; at the same time. Under this condition and
assuming an interior solution (I; > 0) fhere are two mutually exclusive regimes in

the micro market for I;;:

regime I &j = w;; Ni; > Wi

regime Il  §;; < wy; N = wij

Regime I is the case where producer j is rationed and regime II is the case where
consumer i is rationed. Note that the case of no rationing (&; = 7i; = wij) is
included in regime II.

The regimes above will only apply in one micro market as long as /;; > 0. Since
we specify a supply of labor from each worker to all firms and a demand for each
worker’s labor from all firms, there will be many corner solutions. Most workers hold
only one or two jobs, and will be uninterested in many other jobs. If for example

i; > w;j then person i in uninterested in working for firm j at wage w;; even if
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the firm is interested in hiring. We must therefore also take into account situations

where ;; = 0. A corner solution, l;; = 0, occurs when one of the following are true:

1. §; > w;j, which implies that person i is uninterested in working in firm j at

wage w;;

2. 1],!’- < w;j, which implies that firm j is uninterested in hiring individual i at

wage w;;

3. the special case when we have nfj = w;j or fj = w;; at the point [;; = 0, which
in the first case implies that the firm is exactly indifferent to hiring or not and
in the second case implies that the consumer is exactly indifferent to working

or not.

The first two cases are corner solutions on one or both sides of the market, while the

last is a special case of an interior solution. One should note that they also cover

the case where there is a cornér solution on one side of the market while the other

side is rationed at the point ;; = 0 (for example when the consumer is rationed,
!; < w;;, and the firm is uninterested in.hiring, 4 < wi;).

From the stochastic specification in equation (114) we can in principle calculate
the probability density for I;; and thereby find the aggregate variables El; and
P(l;; > 0). We might thereby manage in principle to go from micro relationships
based on utility and profit maximization to aggregate macro expressions.

At present, it is unknown whether there exist functional forms and stochastic
specifications which make the above approach tractable for empirical analysis. There
is also the question of how much of the original micro structure can be identified from
the macro variables. Still, the above approach deserves investigation and should at
least lead to a better understanding of the problems involved when aggregating
in the presence of rationing. One point of interest is that the above approach
simultaneously takes into account rationing and corner solutions. Self-selection can
also be taken into account by assuming that the wage is stochastically distributed

across micro markets.

76



References

Barro, Robert J. and Herschel I. Grossman (1971): A General Disequilibrium

Model of Income and Employment. American Economic Review 61, 82-93.

Benassy, Jean-Pascal (1975): Neo-Keynesian Disequilibrium Theory in a Mon-
etary Economy. Review of of Economic Studies 42, 503-524.

Benassy, Jean-Pascal (1976): The Disequilibrium Approach to Moﬁopolistic Price -
Setting and General Monopolistic Equilibrium. Review of Economic Studies
43, 69-81.

Benassy, Jean-Pascal (1982): The Economics of Market Disequilibrium. Aca-

demic Press, New York.

Benassy, Jean-Pascal (1987): Imperfect Competition, Unemployment, and Pol-
icy. European Economic Review 31, 417-426.

Benassy, Jean-Pascal (1990): Non-Walrasian Equilibria, Money, and Macroeco-
nomics, in B.M. Friedman and F.H. Hahn (eds.): Handbook of Mathematical
Economics. North- Holland, Amsterdam, 103-169.

Bohm, Volker (1989): Disequilibrium and Macroeconomics. Basil Blackwell, Ox--
ford. |

Clower, Robert W. (1965): The Keynesian Counter Revolution: A Theoretical
Appraisal, in F.H. Hahn and F. Brechling (eds): The Theory of Interest Rates.
Macmillan, London.

Deaton, Angus and Muellbauer, John (1980): Economics and Consumer Be-

havior. Cambridge University Press, Cambridge.

Dréze, Jacques H. (1975): Existence of an Exchange Equiﬁbﬁum Under Price
Rigidities. International Economic Review 16, 301-320.

7



Dréze, Jacques H. (1987): Underemployment Equilibria - From Theory to Econo-

metrics and Policy. Furopean Economic Review 31, 9-34.

Dréze, Jacques H. and Charles Bean (1990): European Unemployment: Lessons
from a Multicountry Econometric Study. The Scandinavian Journal of Eco-

nomacs 92, 135-165.

Fair, Ray C. and Dwight M. Jaffee (1972): Methods of Estimation for Mar-
kets in Disequilibrium. Econometrica 40, 497-514.

Feenstra, Robert C. (1986): Functional Equivalence between Liquidity Costs and
the Utility Function. Journal of Monetary Economics 17, 271-291.

Franz, Wolfgang and Heinz Konig (1990): A Disequilibrium Approach to Un-
employment in the Federal Republic of Germany. Furopean Economic Review

34, 413-422.

Frisch, Ragnar (1949): Prolegomena to a Pressure-Analysis of Economic Phe-

nomena. Metroeconomica 1, 135-160.

Gale, Douglas (1979): Large Economies with Trading Uncertainty. Review of
Economic Studies 46, 319-338.

Goldfeld, Stephen M. and Richard E. Quandt (1979): Estimation in Multi-
market Disequilibrium Models. Economics Letters 4, 341-347.

Gourieroux, Christian (1984): Econometrie des Variables Qualitatives. Eco-

nomica, Paris.

Gourieroux, C. and J.J. Laffont and A. Monfort (1980a): Coherency Con-
ditions in Simultaneous Linear Equations Models with Endogenous Switching

Regimes. Econometrica 48, 675-696.

Gourieroux, C. and J.J. Laffont and A. Monfort (1980b): Disequilibrium Econo-

metrics in Simultaneous Equation Systems. Econometrica 48, 75-96.

78



Grandmont, Jean-Michel (1982): Temporary General Equilibrium Theory, in
K.J. Arrow and M.D. Intriligator (eds.): Handbook of Mathematical Eco-
nomics. North- Holland, Amsterdam, 879-922.

Grandmont, Jean-Michel (1983): Money and Value. Cambridge University Press,
Cambridge.

Grandmont, Jean-Michel (ed.) (1988): Temporary Equilibrium. Academic Press,
San Diego.

Hahn, Frank (1978): On Non-Walrasian Equilibria. Review of Economic Studies
45, 1-17.

Hicks, J.R. (1946): Value and Capital, 2nd ed. Oxford University Press, Oxford.

Honkapohja, Seppo and Ito,‘ Takatoshi (1985): On Macroeconomic Equilib-

rium with Stochastic Rationing. Scandinavian Journal of Economics 87, 66-88.

Ito, Takatoshi (1980): Methods of Estimation for Multi-Market Disequilibrium
Models. Econometrica 48., 97-125.

Lambert, Jean-Paul (1988): Disequilibrium Macroeconomic Models. Cambridge

University Press, Cambridge.

Laroque, Guy and Bernard Salanie (1989): Estimation of Multi-Market Fix-
Price Models: An Application of Pseudo Maximum Likelihood Methods. Econo-
metrica 57, 831-860.

Lee, Lung-Fei (1986): The Specification of Multi- Market Disequilibrium Econo-
metric Models. Journal of Econometrics 32, 297-332.

Lindbeck, Assar. and Dennis J. Snower (1989): The Insider-Outsider Theory
of Employment and Unemployment. MIT Press, Cambridge, Mass.

Maddala, G.S. (1983): Limited Dependent and Qualitative Variables in Econo-

metrics. Cambridge University Press, London.

79



Malinvaud, Edmond. (1977): The Theory of Unemployment Reconsidered. Basil
Blackwell, Oxford.

Martin, Christopher and Richard Portes (1990): Effective Demand and Spillovers.

Scandinavian Journal of Economics 92, 109-120.

Muellbauer, John (1978): Macrotheory vs. Macroeconometrics: The Treatment
of Disequilibrium in Macro Models. Birkbeck Discussion Paper 59, Birkbeck
College, London.

Neary, J. Peter and Joseph E. Stiglitz (1983): Toward a Reconstruction of Key-
nesian Economics: Expectations and Constrained Equilibria. Quarterly Jour-

nal of Economics 98, 199-228.

Negishi, Takashi (1961): Monopolistic Competition and General Equilibrium.
Review of Economic Studies 28, 196-201.

Ostroy, Joseph M. and Ross M. Starr (1990): The Transactions Role of Money,
in B.M. Friedman and F.H. Hahn (eds): Handbook of Monetary Economics.
North-Holland, Amsterdam, 3-62.

Patinkin, Don. (1956): Money, Interest, and Prices. Harper and Row, New
York.

Portes, Richard (1977): Effective Demands and Spillovers in Empirical Two-
Market Disequilibrium Models. Harvard Institute of Economic Research, Dis-

cussion Paper no. 595.

Quandt, Richard E. (1982): Econometric Disequilibrium Models. Econometric
Reviews 1, 1-63.

Quandt, Richard E. (1988): The Econometrics of Disequilibrium. Basil Black-
well, Cambridge, Mass..

80



Rosen, Harvey S. and Richard E. Quandt (1978): Estimation of a Disequi-
librium Aggregate Labor Market. Review of Economics and Statistics 60,
371-379.

Sneessens, Henri R. and Jacques H. Dréze (1986): A Discussion of Belgian
Unemployment, Combining Traditional Concepts and Disequilibrium Econo-
metrics. Economica 53, S89- S119.

Stadler, Peter (1989): A Disequilibrium Model with Smooth Regime Transitions
and a Keynesian Spillover for Switzerland’s Labor Market. FEuropean Eco-

nomic Review 33, 863-893.

Svensson, Lars E.O. (1980): Effective Demand and Stochastic Rationing. Re-
view of Economic Studies 47, 339-355.

Weinrich, Gerd (1984): On the Theory of Effective Demand under Stochastic
Rationing. Journal of Economic Theory 34, 95-115.

81



No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

10

11

12

13

82

ISSUED IN THE SERIES DISCUSSION PAPER

I. Aslaksen and O. Bjerkholt (1985).
Certainty Equivalence Procedures in the
Macroeconomic Planning of an Oil Eco-
nomy.

E. Biprn (1985). On the Prediction of
Population Totals from Sample surveys
Based on Rotating Panels.

P. Frenger (1985): A Short Run Dyna-
mic Equilibrium Model of the Norwegian
Production Sectors.

I. Aslaksen and O. Bjerkholt (1985):
Certainty Equivalence Procedures in De-
cision-Making under Uncertainty: An
Empirical Application.

E. Bigrn (1985): Depreciation Profiles
and the User Cost of Capital.

P. Frenger (1985): A Directional Shadow
Elasticity of Substitution.

S. Longva, L. Lorentsen and @. Olsen
(1985): The Multi-Sectoral Model MSG-
4, Formal Structure and Empirical Cha-
racteristics.

J. Fagerberg and G. Sollie (1985): The
Method of Constant Market Shares Revi-
sited.

E. Bipm (1985): Specification of Con-
sumer Demand Models with Stochastic
Elements in the Utility Function and the
first Order Conditions.

E. Bigrn, E. Holmgy and @. Olsen
(1985): Gross and Net Capital, Produc-
tivity and the form of the Survival Func-
tion. Some Norwegian Evidence.

J.K. Dagsvik (1985): Markov Chains
Generated by Maximizing Components of
Multidimensional Extremal Processes.

E. Bigrn, M. Jensen and M. Reymert
(1985): KVARTS - A Quarterly Model of
the Norwegian Economy.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

14

15

16

17

. 18

19

20

21

22

23

24

25

R. Aaberge (1986): On the Problem of
Measuring Inequality.

A.-M. Jensen and T. Schweder (1986).
The Engine of Fertility - Influenced by
Interbirth Employment.

E. Bigrn (1986): Energy Price Changes,
and Induced Scrapping and Revaluation
of Capital - A Putty-Clay Model.

E. Bigrn and P. Frenger (1986). Ex-
pectations, Substitution, and Scrapping in"
a Putty-Clay Model.

R. Bergan, A. Cappelen, S. Longva and
N.M. Stplen (1986): MODAG A - A
Medium Term Annual Macroeconomic
Model of the Norwegian Economy.

E. Bigrn and H. Olsen (1986): A Genera-
lized Single Equation Error Correction
Model and its Application to Quarterly
Data.

K.H. Alfsen, D.A. Hanson and S. Gloms-
red (1986): Direct and Indirect Effects of
reducing SO, Emissions: Experimental
Calculations of the MSG-4E Model.

J.K. Dagsvik (1987). Econometric Ana-
lysis of Labor Supply in a Life Cycle
Context with Uncertainty.

K.A. Brekke, E. Gjelsvik and B.H. Vatne
(1987): A Dynamic Supply Side Game
Applied to the European Gas Market.

S. Bartlett, J.K. Dagsvik, @. Olsen and S.
Strom (1987): Fuel Choice and the De-
mand for Natural Gas in Western Euro-
pean Households.

J.K. Dagsvik and R. Aaberge (1987):
Stochastic Properties and Functional
Forms of Life Cycle Models for Transit-
ions into and out of Employment.

T.J. Klette (1987): Taxing or Subsidising
an Exporting Industry.



No.

No.

No.

No.

'No.

No.

No.

No.

No.

No.

No.

No.

26

27

28

29

30

31

32

33

34

35

36

37

K.J. Berger, O. Bjerkholt and @. Olsen
(1987). What are the Options for non-
OPEC Countries.

A. Aaheim (1987): Depletion of Large
Gas Fields with Thin Oil Layers and
Uncertain Stocks.

J.K. Dagsvik (1987): A Modification of
Heckman’s Two Stage Estimation Proce-
dure that is Applicable when the Budget
Set is Convex.

K. Berger, A. Cappelen and I. Svendsen
(1988): Investment Booms in an Oil
Economy -The Norwegian Case.

A. Rygh Swensen (1988):. Estimating
Change in a Proportion by Combining
Measurements from a True and a Fallible
Classifier.

J.K. Dagsvik (1988): The Continuous
Generalized Extreme Value Model with
Special Reference to Static Models of
Labor Supply.

K. Berger, M. Hoel, S. Holden and Q.
Olsen (1988): The Oil Market as an

Oligopoly.

LA.K. Anderson, J.K. Dagsvik, S. Strgm
and T. Wennemo (1988). Non-Convex
Budget Set, Hours Restrictions and Labor
Supply in Sweden.

E. Holmgy and @. Olsen (1988): A Note
on Myopic Decision Rules in the Neo-
classical Theory of Producer Behaviour,
1988.

E. Bigrn and H. Olsen (1988): Production
- Demand Adjustment in Norwegian
Manufacturing: A Quarterly Error Cor-
rection Model, 1988.

J.K. Dagsvik and S. Strom (1988): A
Labor Supply Model for Married Couples
with Non-Convex Budget Sets and Latent
Rationing, 1988.

T. Skoglund and A. Stokka (1988): Prob-
lems of Linking Single-Region and Mul-
tiregional Economic Models, 1988.

83

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

38

. 39

41

42

43

45

47

48

49

T.J. Klette (1988): The Norwegian Alu-
minium Industry, Electricity prices and
Welfare, 1988.

I Aslaksen, O. Bjerkholt and K.A. Brekke
(1988): Optimal Sequencing of Hydro-
electric and Thermal Power Generation
under Energy Price Uncertainty and
Demand Fluctuations, 1988.

O. Bjerkholt and K.A. Brekke (1988):
Optimal Starting and Stopping Rules for
Resource Depletion when Price is Exo-
genous and Stochastic, 1988.

J. Aasness, E. Biarh and T. Skjerpen
(1988): Engel Functions, Panel Data and
Latent Variables, 1988.

R. Aaberge, @. Kravdal and T. Wennemo
(1989): Unobserved Heterogeneity in
Models of Marriage Dissolution, 1989.

KA. Mork, HT. Mysen and @. Olsen
(1989): Business Cycles and Oil Price

Fluctuations: Some evidence for six
OECD countries. 1989.

B. Bye, T. Bye and L. Lorentsen (1989):
SIMEN. Studies of Industry, Environ-
ment and Energy towards 2000, 1989.

O. Bjerkholt, E. Gjelsvik and @. Olsen
(1989): Gas Trade and Demand in North-
west Europe: Regulation, Bargaining and
Competition.

L.S. Stambgl and K.@. Sprensen (1989).
Migration Analysis and Regional Popu-
lation Projections, 1989.

V. Christiansen (1990). A Note on the
Short Run Versus Long Run Welfare
Gain from a Tax Reform, 1990.

S. Glomsrpd, H. Vennemo and T. John-
sen (1990): Stabilization of emissions of
CO,: A computable general equilibrium
assessment, 1990.

J. Aasness (1990): Properties of demand
functions for linear consumption aggre-
gates, 1990.



No.

No.

No.

No.

No.

No;

No.

No.

No.

No.

No.

50

51

52

53

. 54

55

56

57

. 58

59

60

61

62

J.G. de Leon (1990): Empirical EDA
Models to Fit and Project Time Series of
Age-Specific Mortality Rates, 1990.

J.G. de Leon (1990): Recent Develop-
ments in Parity Progression Intensities in
Norway. An Analysis Based on Popu-
lation Register Data.

R. Aaberge and T. Wennemo (1990):
Non-Stationary Inflow and Duration of
Unemployment.

R. Aaberge, J.K. Dagsvik and S. Strgm
(1990): Labor Supply, Income Distri-
bution and Excess Burden of Personal
Income Taxation in Sweden.

R. Aaberge, J.K. Dagsvik and S. Strom
(1990): Labor Supply, Income Distri-
bution and Excess Burden of Personal
Income Taxation in Norway.

H. Vennemo (1990): Optimal Taxation in
Applied General Equilibrium Models
Adopting the Armington Assumption.

N.M. Stplen (1990): Is there a NAIRU in
Norway?

A. Cappelen (1991): Macroeconomic
Modelling: The Norwegian Experience.

J. Dagsvik and R. Aaberge (1991):
Household Production, Consumption and
Time Allocation in Peru.

R. Aaberge and J. Dagsvik (1991): In-
equality in Distribution of Hours of Work
and Consumption in Peru.

T.J. Klette (1991): On the Importance of
R&D and Ownership for Productivity
Growth. Evidence from Norwegian
Micro-Data 1976-85.

K.H. Alfsen (1991): Use of macroecono-
mic models in analysis of environmental
problems in Norway and consequences
for environmental statistics.

H. Vennemo (1991): An Applied General
Equilibrium Assessment of the Marginal
Cost of Public Funds in Norway.

84

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

No.

63

65

66

. 67

68

69

70

71

72

73

74

75

76

H. Vennemo (1991). The marginal cost of
public funds: A comment on the litera-
ture.

A. Brendemoen and H. Vennemo (1991).
Aclimate convention and the Norwegian
economy: A CGE assessment.

K. A. Brekke (1991): Net National Pro-
duct as a Welfare Indicator.

E. Bowitz and E. Storm (1991). Will
restrictive demand policy improve public
sector balance?

A. Cappelen (1991): MODAG. A Medi-
um Term Macroeconomic Model of the
Norwegian Economy.

B. Bye (1992): Modelling Consumers’
Energy Demand.

K. H. Alfsen, A. Bréndemoen and S.
Glomsrpd (1992): Benefits of Climate
Policies: Some Tentative Calculations.

R. Aaberge, Xiaojie Chen, Jing Li and
Xuezeng Li (1992): The structure of
economic inequality among households
living in urban Sichuan and Liaoning,
1990.

K.H. Alfsen, KA. Brekke, F. Brunvoll, H.
Lurds, K. Nyborg and H.W. Scebg (1992):
Environmental Indicators.

B. Bye and E. Holmgy (1992): Dynamic
equilibrium adjustments to a terms of
trade disturbance

O. Aukrust (1992): The Scandinavian
contribution to national accounting

J. Aasness, E, Eide and T. Skjerpen
(1992): A criminometric study using
panel data and latent variables

R. Aaberge and Xuezeng Li (1992): The
trend in income inequality in urban
Sichuan and Liaoning, 1986-1990

J.K. Dagsvik and Steinar Strom (1992):
Labor sypply with non-convex budget
sets, hours restriction and non-pecuniary
job-attributes



No. 77

No. 78

No. 79

J.K. Dagsvik (1992). Intertemporal dis-
crete choice, random tastes and functional
form

H. Vennemo (1993): Tax reforms when
utility is composed of additive functions.

J. K. Dagsvik (1993): Discrete and con-
tinuous choice, max-stable processes and
independence from irrelevant attributes.

85

No. 80

No. 81

No. 82

No. 83

J. K. Dagsvik (1993): How large is the
class of generalized extreme value ran-
dom utility models?

H. Birkelund, E. Gjelsvik, M. Aaserud
(1993): Carbon/energy taxes and the
energy market in Western Europe

E. Bowitz (1993): Unemployment and the
growth in the numbers of recipients of
disability benefits in Norway

L. Andreassen (1993): Theoretical and
Econometric Modeling of Disequilibrium



	Front page/Abstract
	1 Introduction
	2 The basic Keynesian disequilibrium model
	3 Temporary equilibrium
	4 Econometric Disequilibrium Models
	5 Lee's virtual price approach
	6 Macro models using the smoothing by aggregation
approach
	7 Some thoughts on future research
	References



